LUFG.

Informatik I

Dependency Pairs for Expected Innermost Runtime Complexity and
Strong Almost-Sure Termination of Probabilistic Term Rewriting

Jan-Christoph Kassing, Leon Spitzer, and Jiirgen Giesl
RWTH Aachen University
27.07.2026



Complexity of TRSs

Rdouble: double(O) — 0
double(s(x)) — s(s(double(x)))

1 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl



Complexity of TRSs

Rdouble: double(O) — 0
double(s(x)) — s(s(double(x)))

double(s(s(0)))

1 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl



Complexity of TRSs

Rdouble: double(O) — 0
double(s(x)) — s(s(double(x)))

double(s(s(0))) =Ry S(s(double(s(0))))

1 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl



Complexity of TRSs

Rdouble: double(O) — 0
double(s(x)) — s(s(double(x)))

dOUble(S(S(O))) 7 Rdouble s(s(double(s(O)))) 7 Rdouble 54(dOUb|e(O))

1 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl



Complexity of TRSs

Rdouble: double(O) — 0
double(s(x)) — s(s(double(x)))

dOUble(S(S(O))) 7 Reouble s(s(double(s(O)))) 7 Raouble 54(dOUb|e(O)) 7 Reouble 54(0)

1 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl



Complexity of TRSs

Rdouble: double(O) — 0
double(s(x)) — s(s(double(x)))

Termination
TRS R is terminating if there is no infinite evaluation tg —x t1 - t2 >R ---

dOUble(S(S(O))) 7 Reouble s(s(double(s(O)))) 7 Raouble 54(dOUb|e(O)) 7 Reouble 54(0)

1 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl



Complexity of TRSs

Rdouble: double(O) — 0
double(s(x)) — s(s(double(x)))

Runtime Complexity, rcg

rer (n) = sup{dhxr (¢) | [t| <n}

double(s(s(O))) 7 Redouble s(s(double(s(O)))) 7 Rouble 54(dOUb|e(O)) 7 Reouble 54(0)

1 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl



Complexity of TRSs

Rdouble: double(O) — 0
double(s(x)) — s(s(double(x)))

Runtime Complexity, rcg
rer (n) = sup{dhxr (¢) | [t| <n}

derivation height
/\ double(s(s(O))) 7 Rdouble S(S(dOUble(s(O)))) 7 Rdouble 54(dOUb|e(O)) 7 Rouble 54(0)

dhg (double(s(s(0)))) = “max number of steps” = 3

1 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl



Complexity of TRSs

Rdouble: double(O) — 0
double(s(x)) — s(s(double(x)))

Innermost Runtime Complexity, rcr

rer (n) = sup{dhxr (¢) | [t| <n}

double(s(s(O))) 7 Redouble s(s(double(s(O)))) 7 Rouble 54(dOUb|e(O)) 7 Reouble 54(0)

dhg (double(s(s(0)))) = “max number of steps” = 3

1 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl



Complexity of TRSs

Rdouble: double(O) — 0
double(s(x)) — s(s(double(x)))

Innermost Runtime Complexity, rcr

rer (n) = sup{dhxr (¢) | [t| <n}

double(s(s(O))) i_>72doub\e s(s(double(s(O)))) i_>RdoubIe 54(dOUb|e(O)) i_>’Rdoub|e 54(0)

dhg (double(s(s(0)))) = “max number of steps” = 3

1 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl



Complexity of TRSs

Rdouble: double(O) — 0
double(s(x)) — s(s(double(x)))

Innermost Runtime Complexity, rcr

rer (n) = sup{dhxr (¢) | [t| <n}

double(s(s(O))) i_>72doub\e s(s(double(s(O)))) i_>RdoubIe 54(dOUb|e(O)) i_>’Rdoub|e 54(0)

dhg (double(s(s(0)))) = “max number of steps” = 3
double(double(s(0)))

1 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl



Complexity of TRSs

Rdouble: double(O) — 0
double(s(x)) — s(s(double(x)))

Innermost Runtime Complexity, rcr

rer (n) = sup{dhxr (¢) | [t| <n}

double(s(s(O))) i_>72doub\e s(s(double(s(O)))) i_>RdoubIe 54(dOUb|e(O)) i_>’Rdoub|e 54(0)

dhg (double(s(s(0)))) = “max number of steps” = 3
double(double(s(0)))

1 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl



Complexity of TRSs

Rdouble: double(O) — 0
double(s(x)) — s(s(double(x)))

Innermost Runtime Complexity, rcr

rer (n) = sup{dhxr (¢) | [t| <n}

double(s(s(O))) i_>72doub\e s(s(double(s(O)))) i_>RdoubIe 54(dOUb|e(O)) i_>’Rdoub|e 54(0)

dhg (double(s(s(0)))) = “max number of steps” = 3

double(double(s(0))) “+z,,... double(s(double(0))) z,..,. double(s(s(0))) SR . - --

1 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl



Complexity of TRSs

Rdouble: double(O) — 0
double(s(x)) — s(s(double(x)))

Innermost Runtime Complexity, rcr

rer (n) = sup{dhxr (¢) | [t| <n}

double(s(s(O))) i_>72doub\e S(S(dOUble(s(O)))) i_>Rdoub|e 54(dOUb|e(O)) i_>Rdouble 54(0)

dhg (double(s(s(0)))) = “max number of steps” = 3

Basic Terms, T3

1 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl



Complexity of TRSs

Rdouble: double(O) — 0
double(s(x)) — s(s(double(x)))

Innermost Runtime Complexity, rcr
reg (n) = sup{dhr(¢) | t| < n}
Defined Symbols Y : double,
double(s(5(0))) 7,0, S(5(double(s(0)))) >y, 5" (double(0)) Sy, s'(0)

dhr (double(s(s(0)))) = “max number of steps” = 3

Basic Terms, T3

1 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl



Complexity of TRSs

Rdouble: double(O) — 0
double(s(x)) — s(s(double(x)))

Innermost Runtime Complexity, rcr
rer (n) = sup{dhxr (¢) | [t| <n}
Defined Symbols ¥ : double,  Constructors ¥¢: s,0
double(s(s(0))) “+r,.... s(s(double(s(0)))) “>r,.... s*(double(0)) Sz, .. s*(0)

dhg (double(s(s(0)))) = “max number of steps” = 3

Basic Terms, T3

1 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl



Complexity of TRSs

Rdouble: double(O) — 0
double(s(x)) — s(s(double(x)))

Innermost Runtime Complexity, rcr
rer(n) = sup{dhg(t) | t € Tg, [t| < n}
Defined Symbols ¥ p: double,  Constructors ¥¢: s,0
double(s(s(0))) “+r,.... s(s(double(s(0)))) “>r,.... s*(double(0)) Sx,... s*(0)
dhg (double(s(s(0)))) = “max number of steps” = 3

Basic Terms, T3

Terms f(c1,...,¢,) € Tp are basic if f € Xp and all ¢; are constructor terms.

1 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl



Complexity of TRSs

Rdouble: double(O) — 0
double(s(x)) — s(s(double(x)))

Innermost Runtime Complexity, rcr
rer(n) = sup{dhg(t) | t € Tg, [t| < n}
Defined Symbols ¥ p: double,  Constructors ¥¢: s,0
double(s(s(0))) “+r,.... s(s(double(s(0)))) “>r,.... s*(double(0)) Sx,... s*(0)
dhr (double(s(s(0)))) = “max number of steps” =3  rcg,,.(n) =n—1

Basic Terms, T3

Terms f(c1,...,¢,) € Tp are basic if f € Xp and all ¢; are constructor terms.

1 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl



Complexity of TRSs

Rdouble: double(O) — 0
double(s(x)) — s(s(double(x)))

Innermost Runtime Complexity, rcr
rer(n) = sup{dhg(t) | t € Tg, [t| < n}
Defined Symbols ¥ p: double,  Constructors ¥¢: s,0
double(s(s(0))) “+r,.... s(s(double(s(0)))) “>r,.... s*(double(0)) Sx,... s*(0)
dhy (double(s(s(0)))) = “max number of steps” =3  rcg,,,.(n) =n—1€ O(n')

Basic Terms, T3

Terms f(c1,...,¢,) € Tp are basic if f € Xp and all ¢; are constructor terms.

1 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl



Complexity of TRSs

Rdouble: double(O) — 0
double(s(x)) — s(s(double(x)))

Innermost Runtime Complexity, rcr
rer(n) = sup{dhg(t) | t € Tg, [t| < n}

Defined Symbols ¥ p: double,  Constructors ¥¢: s,0
double(s(s(0))) 37,4, S(s(double(s(0)))) “37,.,, s* (double(0)) Sy, *(0)

dhg (double(s(s(0)))) = “max number of steps” =3  reg,..(n) =n—1€ O(n') reg,,,. = Poly

Basic Terms, T3

Terms f(c1,...,¢,) € Tp are basic if f € Xp and all ¢; are constructor terms.

1 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl



Proving Termination

Rdouble: double(O) — 0
double(s(x)) — s(s(double(x)))

2 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl



Proving Termination

Rdouble: double(O) — 0
double(s(x)) — s(s(double(x)))

To=1 I(z) =x+1 Taouble(r) = 3z + 1

Ranking Function: Natural & Monotonic Polynomial Interpretation Z
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Ranking Function: Natural & Monotonic Polynomial Interpretation Z

7 maps every term to a natural number, monotonically in each argument.

Proving Termination [Lankford'79]
R is terminating if Z(¢) > Z(r) for every rule £ — 7.
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Proving Complexity
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Goal: Infer complexity from the highest degree of Z [Hofbauer&Lautemann'89]
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Goal: Infer complexity from the highest degree of Z [Hofbauer&Lautemann'89]

For basic term ¢ = double(s™(0)): I(t)=3-( 2" )+1

Complexity Polynomial Interpretation (CPI)
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Overview

» Proving Termination and Complexity of TRSs

» Proving Termination and Complexity of Probabilistic TRSs

» Dependency Pairs for Complexity Analysis of Probabilistic TRSs
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Expected Runtime of Probabilistic TRSs

Reoin: coin — {-% : coin, & : head }
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Expected Runtime of Probabilistic TRSs

Reoin: coin = {-% : coin, & : head}

Multidistribution: g = {py : t1,...,pk : tx} withpy +---+pp =1
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Multidistribution: g = {py : t1,...,pk : t} withpy +---+pp =1

T

|9/10|coin| |1/10| head|
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ercr,... (n) = sup{edhg_, (t) |t € Tp,|t| < n}

coin

T [[]con]

|9/10|c0|n| |1/10| head|

-

| (9/10)2 |com| | (9/10) - (1/10) | head|

N
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Expected Runtime of Probabilistic TRSs

Reoin: coin — {-% : coin, & : head }

constant complexity: Poly

Multidistribution: g = {py : t1,...,pk : t} withpy +---+pp =1

Expected Derivation Length:

edl(T) =1+ F+(5)7+... = > ()" =10
n=0
Expected Derivation Height:
edhg_, (coin) = sup{edl(T) | T starts with coin} = 10

Expected Runtime Complexity:

ercr,.. (n) = sup{edhg_, (t) |t € Tp,|t| < n}

coin

com

|9/10|c0|n| |1/10| head|

-

| (9/10)2 |com| | (9/10) - (1/10) | head|

N
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Expected Runtime of Probabilistic TRSs

R coin: coin — {-% : coin, & : head } constant complexity: Poly

Multidistribution: g = {py : t1,...,pk : t} withpy +---+pp =1

Expected Derivation Length: ﬂ
edl(T) =1+ F+(5)7+... = > ()" =10

0 | 9/10 | coin | | 1/10 | head |
Expected Derivation Height: /
edhg_, (coin) = sup{edl(T) | T starts with coin} = 10 | (9/10)? |com| | (9/10) - (1/10) | head|

LN

Expected Runtime Complexity:

ercr,.. (n) = sup{edhg_, (t) |t € Tp,|t| < n}

coin

Strong Almost-Sure Termination (SAST) [Avanzini&Dal Lago&Yamada'20]
PTRS R is SAST if edhg (t) is finite for every start term t.
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Proving Expected Runtime Complexity & SAST

Reoin: coin — { % : coin, 5 : head }
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Proving Expected Runtime Complexity & SAST

Reoin: coin — { % : coin, 5 : head }

Multilinear Polynomials

x -y is multilinear but 2?2 is not.
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Proving Expected Runtime Complexity & SAST

Reoin: coin — { % : coin, 5 : head }

Icoin =1 Ihead =0

Multilinear Polynomials

x -y is multilinear but 2?2 is not.
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Proving Expected Runtime Complexity & SAST

Reoin: coin — { % : coin, 5 : head }

Teoin =1 Thead = 0
Theorem: Natural & Monotonic & Multilinear Z [Avanzini&Dal Lago&Yamada'20]
R is SAST if for all rules £ — p: Z(0) > Ez ()
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Proving Expected Runtime Complexity & SAST

Reoin: coin — { % : coin, &5 : head }

Teoin =1 Thead = 0
Theorem: Natural & Monotonic & Multilinear Z [Avanzini&Dal Lago&Yamada'20]
R is SAST if for all rules £ — pu: Z(€) > Ez(p) = 321 <<y pj - Z(ry) for p={p1 :r1,. .., px : 73}
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Proving Expected Runtime Complexity & SAST

R coin: Z(coin) > Ez({% : coin, & : head})

Teoin =1 Thead = 0
Theorem: Natural & Monotonic & Multilinear Z [Avanzini&Dal Lago&Yamada'20]
R is SAST if for all rules £ — pu: Z(€) > Ez(p) = 321 <<y pj - Z(r) for p={p1 s r1,. .., px : 73}
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Proving Expected Runtime Complexity & SAST

Recoin: Z(coin) > 3 - Z(coin) + £ - Z(head)

Teoin =1 Thead = 0
Theorem: Natural & Monotonic & Multilinear Z [Avanzini&Dal Lago& Yamada'20]
R is SAST if for all rules £ — pu: Z(€) > Ez(p) = 31 i< pj - L(ry) for w={p1:71,...,px : 1i}
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Proving Expected Runtime Complexity & SAST

Rcoin: 1> 19_0

Teoin =1 Thead = 0
Theorem: Natural & Monotonic & Multilinear Z [Avanzini&Dal Lago& Yamada'20]
R is SAST if for all rules £ — pu: Z(€) > Ez(p) = 31 i< pj - L(ry) for w={p1:71,...,px : 1i}
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Teoin =1 Thead = 0
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Proving Expected Runtime Complexity & SAST

Rcoin: 1> 19_0

Teoin =1 Thead = 0
Theorem: Natural & Monotonic & Multilinear Z [Avanzini&Dal Lago& Yamada'20]
R is SAST if for all rules £ — pu: Z(€) > Ez(p) = 31 i< pj - L(ry) for w={p1:71,...,px : 1i}
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Proving Expected Runtime Complexity & SAST

Rcoin: 1> 19_0

Teoin =1 Thead = 0
Theorem: Natural & Monotonic & Multilinear Z [Avanzini&Dal Lago& Yamada'20]
R is SAST if for all rules £ — pu: Z(€) > Ez(p) = 31 i< pj - L(ry) for w={p1:71,...,px : 1i}

Ez(po) =1-Z(t)
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Proving Expected Runtime Complexity & SAST

Rcoin: 1> 19_0

Teoin =1 Thead = 0
Theorem: Natural & Monotonic & Multilinear Z [Avanzini&Dal Lago& Yamada'20]
R is SAST if for all rules £ — pu: Z(€) > Ez(p) = 31 i< pj - L(ry) for w={p1:71,...,px : 1i}

F0) Ez (o) = 1- (1)

> |2 [p2|Z(t2)] Ez(u) =p1 - Z(t1) + p2 - (k)
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Proving Expected Runtime Complexity & SAST

Rcoin: 1> 19_0

Teoin =1 Thead = 0
Theorem: Natural & Monotonic & Multilinear Z [Avanzini&Dal Lago& Yamada'20]
R is SAST if for all rules £ — pu: Z(€) > Ez(p) = 31 i< pj - L(ry) for w={p1:71,...,px : 1i}

F0) Ez (o) = 1- (1)

> |2 [p2|Z(t2)] Ez(u) =p1 - Z(t1) + p2 - (k)
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Proving Expected Runtime Complexity & SAST

Rcoin: 1> 19—0 e =110

Teoin =1 Thead = 0
Theorem: Natural & Monotonic & Multilinear Z [Avanzini&Dal Lago& Yamada'20]
R is SAST if for all rules £ — pu: Z(€) > Ez(p) = 31 i< pj - L(ry) for w={p1:71,...,px : 1x}

70 Ez (o) = 1-Z(t)
Se-1 € - minimal decrease for all rules

> |2 [P2|Z(t2)] Ez(un) =p1 - Z(t1) + p2 - (k)
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Proving Expected Runtime Complexity & SAST

Rcoin: 1> 19—0 e =110

Teoin =1 Thead = 0
Theorem: Natural & Monotonic & Multilinear Z [Avanzini&Dal Lago& Yamada'20]
R is SAST if for all rules £ — pu: Z(€) > Ez(p) = 31 i< pj - L(ry) for w={p1:71,...,px : 1i}

70 Ez (o) = 1-Z(t)
Se-1 € - minimal decrease for all rules

> |2 [p2|Z(t2)] Ez(m) =p1- Z(t1) + p2 - Z(t2)

\Z \>>6‘(p1+172)
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Proving Expected Runtime Complexity & SAST

Rcoin: 1> 19—0 e =110

Teoin =1 Thead = 0
Theorem: Natural & Monotonic & Multilinear Z [Avanzini&Dal Lago& Yamada'20]
R is SAST if for all rules £ — pu: Z(€) > Ez(p) = 321 <<y pj - Z(ry) for p={p1 s r1,...,pr : 7}

F0) Ez (o) = 1- (1)

Se-1 € - minimal decrease for all rules
N ez [P2[Z(2)] Bz(1) = p1-Z(t) + p2 - Z(t2)

LV emen

Goal: Infer expected complexity from the highest degree of Z.
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Proving Expected Runtime Complexity & SAST

Rcoin: 1> 19—0 e =110

Teoin =1 Thead = 0 ~+ constant complexity: Poly
Theorem: Natural & Monotonic & Multilinear Z [Avanzini&Dal Lago& Yamada'20]
R is SAST if for all rules £ — pu: Z(€) > Ez(p) = 321 <<y pj - Z(ry) for p={p1 s r1,...,pr : 7}

F0) Ez (o) = 1- (1)

Se-1 € - minimal decrease for all rules
N ez [P2[Z(2)] Bz(1) = p1-Z(t) + p2 - Z(t2)

LV emen

Goal: Infer expected complexity from the highest degree of Z.

» Restrict to basic start terms and CPI
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Overview

» Proving Termination and Complexity of TRSs

» Proving Termination and Complexity of Probabilistic TRSs

» Dependency Pairs for Complexity Analysis of Probabilistic TRSs
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Annotated Dependency Pairs (ADPs)

Regeo start(z,y) — {1: q(geo(z),y,y)}
geo(z) — {1/2: geo(s(x)), Y2 : x}
,2) > {1:4q(z,y,2)}
)) = {1 :s(q(=,s(2),5(2)))}
)) = {1:0}

q(s(2),s(y)
q(x,0,s(z
s(

q(0,s(y),

S(Z

8 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl



Annotated Dependency Pairs (ADPs)

Regeo start(z,y) — {1: q(geo(z),y,y)}
geo(z) — {1/2: geo(s(x)), Y2 : x}
,2) > {1:4q(z,y,2)}
)) = {1 :s(q(=,s(2),5(2)))}
)) = {1:0}

q(s(2),s(y)
q(x,0,s(z
s(

q(0,s(y),

S(Z
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Annotated Dependency Pairs (ADPs)

Regeo start(z,y) — {1: q(geo(z),y,y)}
geo(z) = {1/2: geo(s(x)), /2 : x}
q(s(x),s(y), z) = {1:a(x,y,2)}
q(x,0,s(2)) = {1 : s(a(z,s(z),s(2)))}
q(0,s(y),s(z)) — {1: 0}

ol
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Annotated Dependency Pairs (ADPs)

,y) = {1:q(geo(w),y,y)}
eo(z) — {1/2: geo(s(z)), /2 : z}
a(s(x), ()2)—>{1 a(z,y,2)}
q(z,0,5(2)) — {1 :s(a(z,s(2),s(2)))}
a(0,s(y),s(z)) — {1: 0}

Regeo: sta rt(

geo()

|1/2|geo(s(2)) | [v2] =]
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Annotated Dependency Pairs (ADPs)

Reeo:

start(

q(x,0,s(z

)
q(0,s(y),s(2)

N

(/2)?

geo(s(s(x))) | | (1/2)?]s(x)

— {1 :s(q(z,

)
)
q(s(z), ()Z)—>{1 a(z,y,2)}
)
) — {1:0}

z,y) = {1:q(geo(),y,y)}
eo(z) — {1/2: geo(s(x)), 1/2: x}

5(2),s(2)))}
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Annotated Dependency Pairs (ADPs)

,y) = {1:q(geo(w),y,y)}
eo(z) — {1/2: geo(s(z)), /2 : z}
a(s(x), ()2)—>{1 a(z,y,2)}
q(z,0,5(2)) — {1 :s(a(z,s(2),s(2)))}
a(0,s(y),s(z)) — {1: 0}

Regeo: sta rt(

NN
(1/2)? | geo(s(s(x)) | | (1/2)? [ s(a)
/N
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Annotated Dependency Pairs (ADPs)

,y) = {1:q(geo(w),y,y)}
eo(z) — {1/2: geo(s(z)), /2 : z}
a(s(x), ()2)—>{1 a(z,y,2)}
q(z,0,5(2)) — {1 :s(a(z,s(2),s(2)))}
a(0,s(y),s(z)) — {1: 0}

Regeo: sta rt(

| 1/2| geo(s()) | | 1/2 | z | geo(x) ~ geometric distribution
N
(1/2)% | geo(s(s(x))) | | (1/2)? [s(x)
VAN
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Annotated Dependency Pairs (ADPs)

Ry start(z, ) — {1+ a(geo(s), 4, )}
geo(z) = {1/2: geo(s(x)), /2 : x}
q(s(x),s(y), z) = {1:a(x,y,2)}
q(x,0,s(2)) = {1 :s(q(x,s(2),s(2)))}
q(0,s(y),s(z)) — {1: 0}
geo()

| 1/2 | geo(s(x)) | | 12 | z | geo(xz) ~ geometric distribution
i N, ~ expected constant complexity: Polg

(1/2)? | geo(s(s(x)) | | (1/2)? [ s(a)
/N
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Annotated Dependency Pairs (ADPs)

Reeo: start(z,y) — {1: q(geo(x), y,9)}
geo(z) — {1/2: geo(s(x)), Y2 : x}
,2) > {l:a(z,y,2)}
)) = {1 :s(a(z,s(2),s(2)))}
)) — {1:0}

q(s(x),s(y)
q(x,0,s(z
s(

q(0,s(y),

q(z,y,y) ~ L%J (integer division)

S(Z
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Annotated Dependency Pairs (ADPs)

Reeo: start(z,y) — {1: q(geo(x), y,9)}
geo(z) — {1/2: geo(s(x)), Y2 : x}
q(s(z),s(y), 2) = {1 : q(z,y,2)}
q(z,0,s(2)) — {1 : s(a(z, s(2),s(2)))}
q(0,s(y),s(z)) — {1: 0}

q(z,y,y) ~ L%J (integer division)

S(Z

~~ expected linear complexity: Poly
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Annotated Dependency Pairs (ADPs)

Ry start(w,y) — {1+ algeo(x), y,v)}
geo(z) — {1/2: geo(s(x)), Y2 : x}
,2) > {1:4q(z,y,2)}
)) = {1 :s(a(z,s(2),s(2)))}
)) = {1:0}

q(s(2),s(y)
q(x,0,s(z
s(

q(0,s(y),

S(Z
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Annotated Dependency Pairs (ADPs)

Reeo: start(z,y) — {1:q (geo (z),y,y)}
geo(x) — {1/2: geo (s(x)), 1/2: x}

a(s(z),s(y), 2) = {1:q (z,y,2)}
q(x,0,s(z)) = {1:s(q (z,s(z)

q(0,s(y),s(z)) — {1: 0}

»s(2)}
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Annotated Dependency Pairs (ADPs)

Reeo: start(z,y) — {1:q (geo (z),y,vy)}
geo(x) — {1/2: geo (s(x)), 1/2: x}
qa(s(z),s(y), 2z) = {1:q (z,y,2)}
q(z,0,s(2)) = {1 :s(a (z,5(2),s(2)))}
q(0,s(y),s(z)) — {1: 0}

Defined Symbols ¥ p: start, geo, q
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Annotated Dependency Pairs (ADPs)

Reeo: start(z,y) — {1:q (geo (z),y,vy)}
geo(x) — {1/2: geo (s(x)), /2 : x}
qa(s(z),s(y), 2z) = {1:q (z,y,2)}
q(z,0,s(2)) = {1 :s(a (z,s(2),s(2)))}
a(0,s(y),s(z)) — {1: 0}

Defined Symbols X p: start,geo,q  Constructors ¥¢: 0,s

9 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl



Annotated Dependency Pairs (ADPs)

Reeo: start(z,y) — {1 : q*(geo® (), y, )}
geo(z) — {V/2 : geo¥(s(x)), Y/2: z}
a(s(x),s(y), 2) = {1: a*(z,y,2)}
a(@,0,s(2)) = {1: s(a*(z,5(2),5(2)))}
q(0,s(y),s(z)) — {1: 0}

Defined Symbols X p: start,geo,q  Constructors ¥¢: 0,s

1. “f ~ functions calls that count for complexity”
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Annotated Dependency Pairs (ADPs)

ADP(Reso): start(z,) = {1 : ¢ (geo(2), )} ™
geo(x) — {1/2 : geo(s(z)), Y2 : x}tre
q(s(z),s(y), 2) = {1: o (z,y,2)}™e
a(z,0,s(2)) = {1: s(q*(x,5(2),5(2))) }™
q(0,s(y),s(2)) — {1: 0}

Defined Symbols X p: start,geo,q  Constructors ¥¢: 0,s

1. “f ~ functions calls that count for complexity”

“{...}"e ~ rule can be used below #"
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Annotated Dependency Pairs (ADPs)

ADP(Rye) start(z, ) - {1+ @ (geck(x), .) )™
geo(x) — {1/2 : geo(s(z)), Y2 : x}tre
q(s(z),s(y), 2) = {1: o (z,y,2)}™e
a(z,0,s(2)) = {1: s(q*(x,5(2),5(2))) }™
q(0,s(y),s(2)) — {1: 0}

Defined Symbols X p: start,geo,q  Constructors ¥¢: 0,s

“# ~ functions calls that count for complexity”
2. “{...}"™e ~ rule can be used below £"
3. ADP Problem (P,S,K), P=SWK

> P set of all ADPs
» S set of ADPs which we count for complexity
» [C set of ADPs whose complexity we already considered
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Annotated Dependency Pair Framework

1. Transform PTRS R into ADP Problem (P,S,K), P=SWK
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Annotated Dependency Pair Framework

1. Transform PTRS R into ADP Problem (P,S,K), P=SWK

PTRS R
Chain Criterion i

(ADP(R), ADP(R), @)
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Annotated Dependency Pair Framework

1. Transform PTRS R into ADP Problem (P,S,K), P=SWK
> P = ADP(R) set of all ADPs

PTRS R
Chain Criterion i

(ADP(R), ADP(R), @)
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Annotated Dependency Pair Framework

1. Transform PTRS R into ADP Problem (P,S,K), P=SWK

> P = ADP(R) set of all ADPs
> S = ADP(R) set of ADPs which we count for complexity

PTRS R
Chain Criterion i

(ADP(R), ADP(R), @)
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Annotated Dependency Pair Framework

1. Transform PTRS R into ADP Problem (P,S,K), P=SWK

> P = ADP(R) set of all ADPs
> S =ADP(R) set of ADPs which we count for complexity
> I = & set of ADPs whose complexity we already considered

PTRS R
Chain Criterion i

(ADP(R), ADP(R), @)
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Annotated Dependency Pair Framework

1. Transform PTRS R into ADP Problem (P,S,K), P=SWK

> P = ADP(R) set of all ADPs
> S =ADP(R) set of ADPs which we count for complexity
> I = & set of ADPs whose complexity we already considered

2. Apply Processors to simplify the ADP problem

PTRS R
Chain Criterion i

(ADP(R), ADP(R), @)
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Annotated Dependency Pair Framework

1. Transform PTRS R into ADP Problem (P,S,K), P=SWK

> P = ADP(R) set of all ADPs
> S =ADP(R) set of ADPs which we count for complexity
> I = & set of ADPs whose complexity we already considered

2. Apply Processors to simplify the ADP problem
PTRS R
Chain Criterion i
(ADP(R), ADP(R), &)
PI‘OCA J, POl'rnl
(P, 8", K")
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Usable Rules Processor

T z 2 qf(z,y, z) e
(1) start(m,y) — {1 : qu(geo” (3?)7 Y, y)}true EZ; q(sé(;: Z(,Z)(;)g : Ei . g(éu (i;()z}),s(z)))}true

(2) geo(z) — {1/2: geol (s(z)), 12z g}tre (5) q(0,s(y),s(z)) — {1 : 0}tree

(ADP(Rgeo); ADP(Rgeo), D)
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Usable Rules Processor

. alse (3) als(x),s(y), z) = {1 : a*(z,y, z)} @
(1) start(z,y) — {1: qu(geou(x),y, y)}f : (4)  q(z,0,5(2)) = {1: s(qn(x,s(z),s(z)))}false
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Usable Rules

Rules are usable if they can evaluate below an annotated symbol f#.
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Procyg - “Remove flags of unusable rules”

Usable Rules

Rules are usable if they can evaluate below an annotated symbol f#.
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Dependency Graph Processor

. alse (3) als(x),s(y), z) = {1 : a*(z,y, z)} @
(1) start(z,y) — {1: qu(geou(x),y, y)}f : (4)  q(z,0,5(2)) = {1: s(qn(x,s(z),s(z)))}false

(2) geo(z) — {1/2: geoﬁ (s(z)), 12 : a}tre (5) q(0,s(y),s(2)) = {1: O}false

{(1),(2),(3), (1), (5)},{(1), (2), (3), (4), (5)}, 2)

P-Dependency Graph
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Dependency Graph Processor

(1) start(z, y) — {1 : q¥ (geo (z), y, y)}f'se
(2)  geo(x) — {1/2: geo?(s(x)), 1/2 : x}true

{(1),(2),(3), (4), (3)}:{(1), (2), (3), (4), (5)}, 2)

P-Dependency Graph

(3) a(s(x),s(y), z) = {1: 4*(z,y, 2)}falke
() alx,0,s(2)) = {1:s(q (z,5(2),5(2))) } 2"
(5) q(0,s(y),s(2)) — {1 : 0}false

(2) (5)
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P-Dependency Graph

(3) a(s(x),s(y), z) = {1: 4*(z,y, 2)}falke
() alx,0,s(2)) = {1:s(q (z,5(2),5(2))) } 2"
(5) q(0,s(y),s(2)) — {1 : 0}false

(2) (5)

There is an arc from ... = {py :r1,....pp : Tk} OV — ...
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P-Dependency Graph

(3) a(s(x),s(y), z) = {1: 4*(z,y, 2)}falke
() alx,0,s(2)) = {1:s(q (z,5(2),5(2))) } 2"
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(2) (5)

There is an arc from ... — {p1 : 71,...,pr : 7%} to v — ... if there is a subterm 7 for some r;
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Dependency Graph Processor
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(2) geo(z) — {1/2: geoﬁ (s(z)), 12 : a}tre (5) q(0,s(y),s(2)) = {1: O}false

1),(2), (3), (4), (5)},{(1), (2), (3),(4), (5)},
{(1),(2),(3), (4), (3)}:{(1), (2), (3), (4), (5)}, 2) D) 5)

P-Dependency Graph

There is an arc from ... — {p1 : r1,...,py : 7} to v — ... if there is a subterm ¢7 for some r;
such that 7oy %:p(P) v# oy for substitutions o1, 0.
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{(1),(2),(3), (1), (5)},{(1), (2), (3), (4), (5)}, 2)

P-Dependency Graph

There is an arc from ... — {p1 : r1,...,py : 7} to v — ... if there is a subterm ¢7 for some r;
such that 7oy %:p(P) v# oy for substitutions o1, 0.

12 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl



Dependency Graph Processor

5 .t false
(1) start(e,y) = {1 : 4 (geof (@), 4, 1)} a5 oL@l
. . true (4) ($707 (Z)) - {1 : ( n(xv (2)7 (Z)))} ase
(2)  geolw) = {1/2: geob(s(a)), 12w} (5) a(0.5(u). 2(o)) (1. 0yse

Procpg - “Consider each SCC + predecessors separately”

{(1),(2),(3), (1), (5)},{(1), (2), (3), (4), (5)}, 2)
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There is an arc from ... — {p1 : r1,...,py : 7} to v — ... if there is a subterm ¢7 for some r;
such that 7oy %:p(p) v# oy for substitutions o1, 0.
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Dependency Graph Processor

5 .t false
(1) start(e,y) — {1 ¢ (geo (@), 4, )} a5 oL@l
. . true (4) ($707 (Z)) - {1 : ( n(xv (2)7 (Z)))} ase
(2)  geolw) = {1/2: geo (s(a)), V2 w} (5) a(0.5(u). 2(o)) (1. 0yse

Procpg - “Consider each SCC + predecessors separately”

({(1),(2),(3), (1), (5)},{(1), (2), (3),(4), (5)}, @)
Procpg J/ Polg

(q-SubProblem, g-SubProblem, &)

P-Dependency Graph

There is an arc from ... — {p1 : r1,...,py : 7} to v — ... if there is a subterm ¢7 for some r;
such that 7oy %:p(p) v# oy for substitutions o1, 0.
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Dependency Graph Processor

. alse (3) als(x),s(y),2) = {1 :q (z,y,2)}""
(1) start(z,y) — {1:q (geou(x),y, y)}f ! (4) q Sq($7507:i(z)) —{1: g(q (aji 5(2)75(2)))}false

(2) geo(z) — {1/2: geoﬁ(s(:v)), /2 a}tre (5) q(0,s(y),s(2)) = {1: O}false

Procpg - “Consider each SCC + predecessors separately”

({(1),(2),(3), (1), (5)},{(1), (2), (3),(4), (5)}, @)
Procpg J/ Polg Procpg  Polg

(q-SubProblem, g-SubProblem, @)  (geo-SubProblem, geo-SubProblem, &)

P-Dependency Graph

There is an arc from ... — {p1 : r1,...,py : 7} to v — ... if there is a subterm ¢7 for some r;
such that 7oy %:p(p) v# oy for substitutions o1, 0.
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Reduction Pair Processor

. alse (3) a(s(x),s(y), z) = {1 : q*(z,y, z)}
(1) start(z,y) — {1: q’j(geo (%), y, y)}f : (4) : Sq($7507:i(z)) —{1: g(qn(;i 5(2)75(2)))}false

(2) geo(z) — {1/2 : geo (s(x)), /2 : a}tme (5) q(0,s(y),s(2)) = {1: O}false

Weakly Monotonic, Multilinear, CPI Z:
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Reduction Pair Processor

. alse (3) a(s(x),s(y), z) = {1 : q*(z,y, z)}
(1) start(z,y) — {1: qﬁ(gEO (%), y, y)}f : (4) : Sq($7507:i(z)) —{1: g(qn(;i 5(2)75(2)))}false

(2) geo(z) — {1/2 : geo (s(x)), /2 : a}tme (5) q(0,s(y),s(2)) = {1: O}false

Weakly Monotonic, Multilinear, CPI Z:

» Forevery £ — {p1:71,...,pg : TR} E€P: Z(6) =2 >1<j<k i - Z(b(r5))
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Reduction Pair Processor

(1) start(z,y) — {1: qf(geo (x),y,y)}"e
(2)  geo() — {12 geo (s(x)), 12 s a}ee

Weakly Monotonic, Multilinear, CPI Z:

» Forevery £ — {p1:71,...,pg : TR} EP:

» Forevery £ — {p1:71,...,p T} EP:

(3) a(s(x),s(y), z) = {1: 4*(z,y, 2)}falke
() alx,0,s(2)) = {1:s(q (z,5(2),5(2))) } 2"
(5) q(0,s(y),s(2)) — {1 : 0}false

() > Zlgjgkpj Z(b(r;))

I(#) > X1 <j<hPs - Z(t#)
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Reduction Pair Processor

(1) start(z,y) — {1: qf(geo (x),y,y)}"e
(2)  geo() — {12 geo (s(x)), 12 s a}ee

Weakly Monotonic, Multilinear, CPI Z:
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Zo =0 Is(z) =z +1
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Istart(zvy) =z+3

() > Zlgjgkpj “Z(b(r;))
Z(#) > X1 <j<nPs - Z(t#)

Z(e#) > 2i<j<kPi- Z(t#)
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Weakly Monotonic, Multilinear, CPI Z:
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Reduction Pair Processor

Dz+3>x+2
(2) 1>0

Weakly Monotonic, Multilinear, CPI Z:

» Forevery £ — {p1:71,...,pg : TR} EP:

» Forevery £ — {p1:71,...,pk : Tk} " EP:

» Forevery £ — {p1:71,...,pp : T}™ € P> :

B)z+2>a+1
@Hz+1>c+1

(5) 1>0
Zo=0 Is(z) =z +1
Tgeo(z) =2+ 1 Tpeot () = 1

Iq(z,y,2) =x + 1 Iqﬁ(a;,y,z)zx-l-l
Istart(zvy) =z+3

() > Zlgjgkpj Z(b(r;))
I(#) > X1 <j<hPs - Z(t#)

Z(E#) > X 1<j<nPj - Z(t#)
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Reduction Pair Processor

Dz+3>x+2
(2) 1>0

{(1),(2),(3),(4), (4)},{(1), (2), (3), (4), (5)}, )

Weakly Monotonic, Multilinear, CPI Z:

» Forevery £ — {p1:71,...,pg : TR} EP:

» Forevery £ — {p1:71,...,p : T} EP:

» Forevery £ — {p1:71,...,p :T}™ € P> :

B)z+2>a+1
@Hz+1>c+1

(5) 1>0
Zo=0 Is(z) =z +1
Tgeo(z) =2+ 1 Tpeot () = 1

Iq(z,y,2) =x + 1 Iqﬁ(a;,y,z)zx-l-l
Istart(zvy) =z+3
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13 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl L1



Reduction Pair Processor

B z+2>z+1

Dz+3>x+2 D z+1>z+1

(2) 1>0

(5)  1>0
Zo =0 Is(x) =z +1
{(1),(2),3),(4),(5)},{(1), (2), (3), (4), (5)}, @) Tyeo(a) =z + 1 oot (@) = 1

Iq(z,y,2) =x + 1 Iqﬁ(a:,y,z)iw-l-l
Istart(zvy) =z+3

Procgp - “Highest degree gives upper bound on complexity of rules in P<"

Weakly Monotonic, Multilinear, CPI Z:

» Forevery £ — {p1:71,...,pg : TR} EP: Z(6) > 31 <j<i i - Z((r5))
» Forevery £ — {p1:71,...,pg : T} EP: T(67) 221gjgkpj‘ Z(t#)
» Forevery £ — {p1:71,...,p :T}™ € P> : T(6#) >Zl§j§kpj . Z(t#)
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Reduction Pair Processor

B z+2>z+1

Dz+3>x+2 D z+1>z+1

(2 1>0 (5) 1>0
Zo =0 Is(x) =z +1
({(1),(2),3),(4), (5)},{(1),(2), (3), (4), (5)}, 2) Tyeo(a) =z + 1 oot (@) = 1
Procge J/ Poly Ig(z,y,2) =z +1 Zy(w,y,2)=z+1
(1), 20, (3, @), ()} (@1 (1), (2, (3), () Tor(sig) =243

Procgp - “Highest degree gives upper bound on complexity of rules in P<"

Weakly Monotonic, Multilinear, CPI Z:

» Forevery £ — {p1:71,...,pg : TR} EP: Z(6) > 31 <j<i i - Z((r5))
» Forevery £ — {p1:71,...,pg : T} EP: T(67) 221gjgkpj‘ Z(t#)
» Forevery £ — {p1:71,...,p :T}™ € P> : T(6#) >Zl§j§kpj . Z(t#)
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Knowledge Propagation Processor

. alse (3) a(s(x),s(y), 2) = {1 : a*(z,y, z)}
(1) start(z,y) — {1: qﬁ(geoﬁ(x)vy, y)}f : (4) q Sq(%?)’ys(z)) —{1: g(qﬂ(i‘/’ S(Z)’S(Z)))}false

(2) geo(z) — {1/2: geoﬁ(s(I)L /2 g}t (5) q(0,s(y),s(z)) — {1 O}false
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Knowledge Propagation Processor

. alse (3) a(s(x),s(y), 2) = {1 : a*(z,y, z)}
(1) start(z,y) — {1: qﬁ(geoﬁ(x)vy, y)}f : (4) q Sq(%?)’ys(z)) —{1: g(qﬂ(i‘/’ S(Z)’S(Z)))}false

(2) geo(z) — {1/2: geoﬁ(s(I)L /2 g}t (5) q(0,s(y),s(z)) — {1 O}false

{(1),(2),(3),(4), G) 1 {(#)}, {(1), (2), 3), (5)})
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Knowledge Propagation Processor

. alse (3) als(@),s(y), 2) = {1 : q*(z,y, z)} "
(1) start(z,y) — {1: qﬁ(geoﬁ(x),y, y)}f : (4) q(z7072{5(z)) —{1: S(qu(i S(Z)’S(Z)))}false

(2) geo(z) — {1/2: geoﬁ(s(x)), /2 g}t (5) q(0,s(y),s(z)) — {1 O}false

{(1),(2),3),(4), 3} {#H}{(1),(2),(3),(5)})

Knowledge Propagation - Procgp

If all predecessors of a node s — p in the dependency graph have known complexity,
then the complexity of s — p is already accounted for.
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Knowledge Propagation Processor

rt(x gt Bl false (3) q(s(m),s(y)7z) — {1 . qﬁ($7y7z)}false
(1) start(z,y) — {1 : q*(geo?(z),y, )} (4)  q(x,0,s(2)) = {1:s(qf(z,s(2),s(z)))}flse

(2) geo(z) — {1/2: geoﬁ(s(x)), /2 g}t (5) q(0,s(y),s(z)) — {1 O}false

{(1),(2),3),(4), 3} {#H}{(1),(2),(3),(5)})

Knowledge Propagation - Procgp

If all predecessors of a node s — p in the dependency graph have known complexity,
then the complexity of s — p is already accounted for.
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Knowledge Propagation Processor

rt(x gt Bl false (3) q(s(m),s(y)7z) — {1 . qﬁ($7y7z)}false
(1) start(z,y) — {1 : q*(geo?(z),y, )} (4)  q(x,0,s(2)) = {1:s(qf(z,s(2),s(z)))}flse

(2) geo(z) — {1/2: geoﬁ(s(x)), /2 g}t (5) q(0,s(y),s(z)) — {1 O}false

({(1),(2),(3),(4), (5)} {(9)},{(1), (2), (3), (5)})
Procgp J/ Polg

{(1),(2),(3), (4), (5)}, 2, {(1),(2), (3), (4), (5)})

Knowledge Propagation - Procgp

If all predecessors of a node s — p in the dependency graph have known complexity,
then the complexity of s — p is already accounted for.
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Final Expected Complexity Proof

(3) a(s(x),s(y), z) = {1: 4*(z,y, 2)}falke

(1) start(z, y) — {1 : o (geok (), y, y)} =
. . true (4) (513,07 (Z)) - {1 ( n(xv (Z)7 (Z)))}false
(2)  geolw) = {1/2: geob(s(a)), 12w} (5) a(0.5(u). 2(o)) (1. 0yse
PTRS Rgeo

Chain Criterion J/
(ADP(Rgeo)s ADP(Rgeo), )
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Final Expected Complexity Proof

(1) start(z, y) — {1 : q¥ (geo (z), y, y)}f'se
(2)  geo(x) — {1/2: geo?(s(x)), 1/2 : x}true

PTRS Regeo
Chain Criterion J/

(ADP(Rgeo)s ADP(Rgeo), )
Procyr J/ Polg

{(1),(2),(3), @), (5)}, {(1),(2),(3), (4), (5)}, 2)

(3) a(s(x),s(y), z) = {1: 4*(z,y, 2)}falke
() alx,0,s(2)) = {1:s(q (z,5(2),5(2))) } 2"
(5) q(0,s(y),s(2)) — {1 : 0}false
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Implementation

» ADP framework for SAST analysis implemented in AProVE
» Evaluated on 138 PTRSs from TPDB (Termination Problem Database)
» Number of SAST proofs (vs. the direct-interpretation tools POLO and NaTT):

Strategy Start Terms POLO NaTT AProVE
Full Arbitrary 30 33 34
Full Basic 30 33 43
Innermost Arbitrary 30 33 45
Innermost Basic 30 33 (56

16 DPs for Expected Innermost Runtime Complexity of Probabilistic Term Rewriting, J.-C. Kassing, L. Spitzer, and J. Giesl


https://aprove.informatik.rwth-aachen.de

Implementation

» ADP framework for SAST analysis implemented in AProVE
» Evaluated on 138 PTRSs from TPDB (Termination Problem Database)
» Number of SAST proofs (vs. the direct-interpretation tools POLO and NaTT):

Strategy Start Terms POLO NaTT AProVE
Full Arbitrary 30 33 34
Full Basic 30 33 43
Innermost Arbitrary 30 33 45
Innermost Basic 30 33 (56

~ restricting to innermost rewriting & basic start terms yields the most proofs
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Conclusion

» ADP framework for expected complexity analysis (basic start terms + innermost rewriting)
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