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Dependency Pairs
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Raiv:

minus(x, O) X

(@)
s(div(minus(x, y),s(y)))

div(O,s(y))
div(s(x),s(y))

%
minus(s(x),s(y)) — minus(x,y)

%

_>

Defined Symbols: minus and div , Constructor Symbols: s and O

SubD(X) = o
Subp(minus(x,y)) = {minus(x,y)}
SubD(O) = o
) = {minus(x,y),div(minus(x, y),s(y))}

V.

DP(Rd,'V):

M(s(x),s(y)) — M(x,y)
D(s(x),s(y)) — M(x,y)
D(s(x),s(y)) — D(minus(x,y),s(y))
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Theorem: Chain Criterion [Arts & Giesl 2000]

R is innermost terminating iff (DP(R), R) is innermost terminating
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o Key Idea:
o Transform a “big” problem into simpler sub-problems

@ Our objects we work with:
o DP problems (D, R) with D a set of DPs, R a TRS

e How do we start?:
o (Chain Criterion) Use all rules and dependency pairs: (DP(R), R)

@ How do we create smaller problems?:
e DP processors: Proc(D,R) = {(D1,R1),--.,(Dk, Rk)}

if all (D;, R;) are innermost terminating,

Proc is sound: . L
° then (D, R) is innermost terminating

if (D, R) is innermost terminating,

e Proc is complete: . -
P then all (D;, R;) are innermost terminating
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(a) m(x, 0) = x (1) M(s(x), s(y)) = M(x,y)
(b) m(s(x),s(y)) = m(x,y) (2) D(s(x),s(y)) = M(x,y)
(c) d(O,s(y)) - O (3) D(s(x),s(y)) = D(m(x, y),s(y))
(d) d(s(x),s(y)) — s(d(m(x, y),s(y)))
Opas = 0
spoi(x) = x+1
Procgp(D,R) = {(D\ D, R)} mpoi(X,y) = X
dpoi(x,y) = x
PrOCRP({(l)}deiV) = {(Q’ Rdiv)} ({(1)}7Rdiv) 0
Procre({(3)}, Ra) = {(@, Rai)} Meoi(x,y) = x
{(3)} Raiv) :
Dra(x,y) = x

Find weakly-monotonic, natural polynomial interpretation Pol/ such that
@ Pol(¢) > Pol(r) for all rules £ — r in R
@ Pol(s) > Pol(t) for all rules s — t in Dy
@ Pol(s) > Pol(t) for all rules s — t in D
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Final Innermost Termination Proof

(DP(RdiV)y 7Q«div)

(M)}, Raw) ({3} Raw)
(2, Raiv) (2, Raiv)
| Inner. Terminating| | Inner. Terminating|

= Innermost termination is proved automatically!
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Rew:  8(x) = {3:x 3:8&(x)} |

Theorem (AST with Polynomial Interpretation)

Let Pol be a multilinear monotonic polynomial interpretation.
Forall { 5> pu={pr:n, ..., pc:r} €R let

@ Pol(£) > Pol(r;) for some 1 < j < k

@ Pol(£) > E(u) = p1- Pol(r) + ...+ px - Pol(rk)
Then R is AST.
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Dependency Tuples for AST: Failed Attempt

Rs: f(O) —{1:f(a)},
a — {Y2:b,Y2:c}
DT (R3): F(O) — {1:com(F(a),A)}
A = {2:B,Y2:C}

Sequence with R: Sequence with (DT (R),R):
{ 1:f(0)} { 1:F(O)}

Sre { 1)}
R AL ORTEG)
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Dependency Tuples for AST: Failed Attempt

Rs: f(O) —{1:f(a)},
a — {Y2:b,Y2:c}
DT(R3): F(O) — {1:Com(F(a),A)}
A = {2:B,Y2:C}

Sequence with R: Sequence with (DT (R),R):
i { 1:f(0)} i { 1:F(O)}
Zrs { 1:f(a)} =p7(Ry) { 1:Com(F(a),A)}

=rs { Y2:f(b), Y2 f(c)}
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Dependency Tuples for AST: Failed Attempt

Rs: f(O) —{1:f(a)},
a — {Y2:b,Y2:c}
DT (R3): F(O) — {1:com(F(a),A)}
A —{Y2:B,Y2:C}

Sequence with R: Sequence with (DT (R),R):
: { 1:f(0)} i { 1:F(O)}
Zrs { 1:f(a)} =p7(Ry) { 1:Com(F(a),A)}

=R, { Y2:f(b),Y2:f(c)} I:;DT(RS) { Y2: Com(F(a),B),/2: Com(F(a),C)}
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Dependency Tuples for AST: Failed Attempt

Rs: f(O) — {1:f(a)},
a — {12:b,12:c}
DT(Rs3): F(O) — {1:cCom(F(a),A)}
A — {12:B,Y2:C}

Sequence with R: Sequence with (DT (R),R):
: { 1:f(0)} i { 1:F(O)}
Sn, { 1:(2) Soremy { 1:Con(F(a), A)}

. 2),
Sre {2 6(b), Y21 F(0)} Doy, { Y2:Com(F(2).B), Y2 : Con(F(a).C)}
Sr, { Ya: Con(F(b),B),Y/s: Con(F(c),B),
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Dependency Tuples for AST: Failed Attempt

Rs: f(O) — {1:f(a)},
a — {12:b,12:c}
DT(Rs3): F(O) — {1:cCom(F(a),A)}
A — {12:B,Y2:C}

Sequence with R: Sequence with (DT (R), R):
S (1:1(O) | [ 1:FO)
Zrs { 1:f(a)} Fp7(Rs)  { 1:Com(F(a),A)}
=ry { Y2:f(b),Y2:f(c)} jDT(Rg) { Y2:Com(F(a),B),Y/2: Com(F(a),C)}
:§R3 { Ya: Com(F(b),B),/s: Com(F(c),B),
/4 : Com(F(b), C), /s : Com(F(c),C)}
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Dependency Tuples for AST: Failed Attempt

Rs: f(O) —{1:f(a)},
a — {Y2:b,Y2:c}
DT (Rs3): F(O) — {1:cComn(F(a),A)}
A = {2:B,Y2:C}

Sequence with R: Sequence with (DT (R), R):
o {1:H0) | [ 1:FO)
Zrs { 1:f(a)} Fp7(Rs)  { 1:Com(F(a),A)}
=rs { Y2:f(b), Y2 f(c)} jDTRg) { %/2: Com(F(a),B),*/2: Com(F(a), C)}
:;723 { Ya: Com(F(b),B),1/s: Com(F(c),B),
/4 : Com(F(b), C),/s : Com(F(c),C)}

@ The red terms do not correspond to a term in the original rewrite sequence

@ One cannot simulate original rewrite sequences by chains

13/22
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Options for Dependency Tuples (C)

If € — {p1:r,....pk:r}isarule, and Subp(r;) = {t1;,...,t; ;} for
all 1 <j < k, then a dependency pair is:

(C): o = {pr: Com(t#l,...,tffil) e S Pk Com(ttl,...,tﬁik) }
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Coupled Dependency Tuples: Sound

Subp(r) == {t | t is a subterm of r with defined root} - as multiset

Options for Dependency Tuples (C)

If € — {p1:r,....pk:r}isarule, and Subp(r;) = {t1;,...,t; ;} for
all 1 <j < k, then a dependency pair is:

(C): *,0) — {p1: (Com(tff17 e tffil), ), «o. s Pk (Com(tff17 e tif’.k), ey}

Rs: f(0) — {1:1(a)},
a — {Y2:b,1/2:c}
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Coupled Dependency Tuples: Sound

Subp(r) == {t | t is a subterm of r with defined root} - as multiset

Options for Dependency Tuples (C)

If € — {p1:r,....pk:r}isarule, and Subp(r;) = {t1;,...,t; ;} for
all 1 <j < k, then a dependency pair is:

(C): *,0) — {p1: (Com(tff17 e, tffil), ), «o. s Pk (Com(t;jf17 ey tf’,.k), ey}
)
Rs : f(O) — {1:f(a)},
a — {Y2:b,1/2:c}

DT(R3): (F(O),f(0)) — {1:(Com(F(a),A),f(a))}
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Coupled Dependency Tuples: Sound

Subp(r) == {t | t is a subterm of r with defined root} - as multiset

Options for Dependency Tuples (C)

If € — {p1:r,....pk:r}isarule, and Subp(r;) = {t1;,...,t; ;} for
all 1 <j < k, then a dependency pair is:

(C): *,0) — {p1: (Com(tff17 e, tffil), ), «o. s Pk (Com(tff17 ey tif’.k), ey}
)
Ry - fO) = {l:f(a)},
a — {Y/2:b,1/2:c}

DT(R3): (F(O),f(O)) — {1:{(Com(F(a),A),f(a))}
(A, a) — {Y/2: (B,b),%/2: (C,c)}
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Coupled Dependency Tuples: Sound

Rs: f(O) — {1:f(a)},
a — {Y2:b,1/2: c}
DT(Rs): (F(0),f(0)) — {1:(Com(F(a),A),f(a))}
(Aa) = {1/2: (B,b), 12 (C,c)}

Sequence with R: Sequence with (DT (R),R):

{ 1:1(0)}
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Coupled Dependency Tuples: Sound
Rs : £(O) — {1:f(a)},
a — {Y2:b,1/2: c}

DT(R3): (F(O),f(O)) — {1:{(Com(F(a),A),f(a))}
(A, a) — {1/2: (B,b),Y2: (C,c)}

Sequence with R: Sequence with (DT (R), R):

L {1y
Sre { 1:7(a)}
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Coupled Dependency Tuples: Sound

Rs: f(O) — {1:f(a)},
a — {Y/2:b,1/2:c}
DT(Rs): (F(0),f(0)) — {1:(Com(F(a),A),f(a))}
(Aa) = {1/2: (B,b),1/2: (C,c)}

Sequence with R: Sequence with (DT (R), R):
o (1:6(0))
Sr, { 1:6(2))
=ry  { Y2:1(b),Y/2:f(c)}
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Coupled Dependency Tuples: Sound

Rs: f(O) — {1:f(a)},
a — {Y2:b,1/2: c}
DT(Rs): (F(0),f(0)) — {1:(Com(F(a),A),f(a))}
(Aa) = {1/2: (B,b), 12 (C,c)}

Sequence with R: Sequence with (DT (R), R):
: { 1:f(0)} { 1:F(O)}
Sr, { 1:7(2))
=ry  { Y2:1(b),Y/2:f(c)}
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Coupled Dependency Tuples: Sound

Rs: f(O) — {1:f(a)},
a — {Y2:b,1/2: c}
DT(Rs): (F(0),f(0)) — {1:(Com(F(a),A),f(a))}
(Aa) - {1/2: (B,b), 12 (C,c)}

Sequence with R: Sequence with (DT (R), R):
: { 1:f(0)} : { 1:F(O)}
Zrs { 1:1(a)} =p7(rRs) { 1:Com(F(a),A)}

=ry { Y2:1(b),Y2:f(c)}
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Coupled Dependency Tuples: Sound

Rs: f(O) — {1:f(a)},
a — {Y2:b,1/2: c}
DT(Rs): (F(0),f(0)) — {1:(Com(F(a),A),f(a))}
(A, a) — {1/2: (B,b),%/2: (C,c)}

Sequence with R: Sequence with (DT (R), R):
{150y | [ 1:FO))
Zrs { 1:1(a)} =p7(Ry) { 1:Com(F(a),A)}

=R, { Y2:1f(b),Y2:f(c)} I:;DT(R3) { Y2: Com(F(b),B),/2: Com(F(c),C)}
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Probabilistic Chain

Rs : £(0)
DT(Rs): (F(0),f(0))
(A, a)

Prob DP Frameworl k
000@00000

— {1:f(a)},

— {Y2:b,1/2:c}

— {1: (Com(F(a),A),f(a))}
— {Y2: (B,b),Y/2: (C,c)}

1: Com(F(O))

1/2 : Com(F(b), B)

Chain: On every path, we use a dependency pair after a finite number of steps.

1: Com(F(a),A)

1/2 : com(F(c), C)

(L)'D o i}%)



Probabilistic Chain

Rs : £(0)
DT(Rs): (F(0),f(0))
(A, a)

Prob DP Framework
000@00000

— {1:f(a)},

— {Y2:b,1/2:c}

— {1: (Com(F(a),A),f(a))}
— {1/2: (B,b),Y2: (C,c)}

1: Com(F(O))

1/2 : Com(F(b), B)

Chain: On every path, we use a dependency pair after a finite number of steps.

1: Com(F(a),A)

1/2 : com(F(c), C)

(‘i)'D o i}%)

Theorem: Chain Criterion

R is innermost AST if (DT (R), R) is innermost AST
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Dependency Tuples for R,

Rdiv:

(1)
(2)
(3)
(4)

m(x, 0)
m(s(x),s(y))
d(O,s(y))
d(s(x),s(y))

—
—
—
—

{1: x}
{L:m(x,y)}
1:0

10}
{12 d(s(x), s(y)), Y2 - s(d(m(x, ), s(y)))}

Evaluation

(e]e]
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Dependency Tuples for R,

Raiv:
(1) m(x,0) —
(2) m(s(x),s(y)) —
(3) d(O,s(y)) —
(4)  d(s(x),s(y)) —

{1:x}
{1:m(x,y)}
1:0

10}
{12 d(s(x), s(y)), Y2 - s(d(m(x, ), s(y)))}

DT(1)= M(x,0) — { 1:Com}
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Introduction (TRS) DP Framework
[e]e] 000000 [e]e)

Dependency Tuples for R,

Raiv:
(1) m(x,0) — {1:x}
(2) m(s(x),s(y)) — A{L:m(x,y)}
(3) d(O,s(y)) — {1:0}
(4)  d(s(x),s(y)) — {Y2:d(s(x),s(y)),Y2:s(d(m(x,y),s(y)))}
DT(1)= M(x,0) — { 1:Com}

DT(2)= M(s(x),s(y)) — { 1:M(x,y)}
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Dependency Tuples for R,

Raiv:
(1) m(x,0) — {1:x}
(2) m(s(x),s(y)) — A{1:m(x,y)}
3) d(O,s(y)) — 1:0}
(4)  d(s(x),s(y)) — {Y2:d(s(x),s(y)),Y2:s(d(m(x,y),s(y)))}
DT(1)= M(x,0) — { 1:Com}

DT(2)= M(s(x),s(y)) — { 1:M(x,y)}

DT(3)= D(O,s(y)) — { 1:Com}
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Dependency Tuples for R,

Raiv:
(1) m(x,0) — {1:x}
(2) m(s(x),s(y)) — A{1:m(x,y)}
- {1:0}
—)

(3) d(O,s(y)) :
(4)  d(s(x),s(y)) {¥/2 - d(s(x), s(y)), 72 : s(d(m(x, ¥),s(¥)))}

DT(1) = M(x,0) — { 1:Com}
DT(2)= M(s(x),s(y)) — { 1:M(x,y)}
DT(3)=  D(O,s(y)) — { 1:Com}

DT(4)= D(s(x),s(y)) — { Y2:D(s(x),s(y))

Y2 : Com(D(m(x, y),s(y)), M(x,y))}

16/22



Prob DP Framework
00000@000

Dependency Pair Framework for Proving iAST of PTRS

@ Our objects we work with:
o DP Problems (P,S) with P a set of DTs and S a PTRS
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Dependency Pair Framework for Proving iAST of PTRS

@ Our objects we work with:
o DP Problems (P,S) with P a set of DTs and S a PTRS

@ How do we start?:
o (Chain Criterion) Use all rules and dependency tuples: (DT (R),R)

@ How do we create smaller problems?:
o DP Processors: Proc(P,S) = {(P1,51),...,(Pr,Sk)}

if all (P, S;) are innermost AST,

o Procis sound: then (P, S) is innermost AST

17/22



Prob DP Framework
00000@000

Dependency Pair Framework for Proving iAST of PTRS

@ Our objects we work with:
o DP Problems (P,S) with P a set of DTs and S a PTRS

@ How do we start?:

o (Chain Criterion) Use all rules and dependency tuples: (DT (R),R)

@ How do we create smaller problems?:
o DP Processors: Proc(P,S) = {(P1,51),...,(Pr,Sk)}

e Proc is sound:

o Proc is complete:

if all (P, S;) are innermost AST,
then (P, S) is innermost AST

if (P,S) is innermost AST,
then all (P;, Si) are innermost AST

17/22
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Dependency Graph Processor (sound & complete)

1 M(x, © 1: Com
(@ mbx Q)= {1:x} 2) M 500) > L1 W )
(b) m(s(). 5(1)) — {11 m(x, )} e e S
() AO.s)) = {1: O} . (#) D(s(x), (1)) — { 1/2 : D(s(x), s(¥)),
(@) 4002 5()) — {1/2 1 d(s(x), s(0)), /2 & s(d(m(x, y), s())} TR o TNV



ction (TRS)

ork Introduction (PTRS) Prob DP Framework E
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Dependency Graph Processor (sound & complete)

1 M(x, O 1: Com
@  mx, O) = {1:x} 8 M(s(x)(, 5(y)§ = % 1: M(x}, "}
(B) m(s(x). 5()) — {1: m(x, 1)} (3) D(O,s(y)) — {1:cCom}
(@ d(O,sly) = {1: O} (#) D(s(x), s(») — { 1/2: D(s(x), s(»)),
(d) dls(x)ss(v)) = {1/2 : d(s(x). s(x)), 1/2 : s(d(m(x, v), s} 1/2 : Com(D(m(x, y), s(y)), M(x, y))}

Procpe(P,8) = {(P1.5)..... (Pk. )}

where Py, ..., Py are the SCCs of
the (P, S)-dependency graph

uation
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Dependency Graph Processor (sound & complete)

1 M(x, O 1: Com
@  mx, O) = {1:x} 8 M(s(x)(, 5(y)§ = % 1 M(x}, "}
(B) m(s(x). 5()) — {1: m(x, 1)} (3) D(O,s(y)) — {1:cCom}
(@ d(O,sly) = {1: O} (#) D(s(x), s(») — { 1/2: D(s(x), s(»)),
(d) d(s(x): s()) — {1/2 = d(s(x). (1)), /2 : s(d(m(x, y), s())} 172 + Gon(D(m(x, ¥), s()), M(x, y))}

Procog(P.8) = {(P1,S)..., (Pi, S)}

where Py, ..., Py are the SCCs of
the (P, S)-dependency graph

(P, S)-Dependency Graph
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Dependency Graph Processor (sound & complete)

(@  m(x,0) = {1:x}

(B) m(s(x). 5()) — {1: m(x, 1)}
(e)  d(O,s(y)) — {1

(d) d(s(x), s(y)) = {

PrOCDG(P S) —{(771 )....,(Pk,

where Py, ..., Py are the SCCs of
the (P, S)-dependency graph

{1: 0}
172 d(s(x), s(¥))> 1/2 = s(d(m(x, y) s())}

(1) M(x, ©) — { 1:Com}
(2) M(s(x), s(y)) = { 1: M(x, y)}
(3) D(O,s(y)) — {1:Com}
(4) D(s(x), s(y)) = { 1/2: D(s(x), s(x)),
1/2 : Com(D(m(x, y), s(y)), M(x, ¥)) }

(DP(Radiv), Raiv)-Dependency Graph:

(P, S)-Dependency Graph

@ directed graph whose nodes are the dependency tuples from P
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Dependency Graph Processor (sound & complete)

(@  m(x,0) = {1:x}

(B) m(s(x). 5()) — {1: m(x, 1)}
(e)  d(O,s(y)) — {1

(d) d(s(x), s(y)) = {

PrOCDG(P S) — {(771 )....,(Pk,

where Py, ..., Py are the SCCs of
the (P, S)-dependency graph

(P, S)-Dependency Graph

{1: 0}
172 d(s(x), s(¥))> 1/2 = s(d(m(x, y) s())}

(1) M(x, ©) — { 1:Com}
(2) M(s(x), s(y)) = { 1: M(x, y)}
(3) D(O,s(y)) — {1:Com}
(4) D(s(x), s(y)) = { 1/2: D(s(x), s(x)),
1/2 : Com(D(m(x, y), s(y)), M(x, ¥)) }

(DP(Radiv), Raiv)-Dependency Graph:

@ directed graph whose nodes are the dependency tuples from P
iff there is t < ¢;
for some j and substitutions o1, 02 such that to; —'>:p(3) Voo

@ there is an arc from s — {p1 : c1,. ..

JPk:iCkptov — ...
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Dependency Graph Processor (sound & complete)

(@  m(x,0) = {1:x}

(B) m(s(x). 5()) — {1: m(x, 1)}
(e)  d(O,s(y)) — {1

(d) d(s(x), s(y)) = {

PrOCDG(P S) — {(771 )....,(Pk,

where Py, ..., Py are the SCCs of
the (P, S)-dependency graph

(P, S)-Dependency Graph

{1: 0}
172 d(s(x), s(¥))> 1/2 = s(d(m(x, y) s())}

(1) M(x, ©) — { 1: Com}
(2) M(s(x); s(y)) = { 1: M(x, y)}
(3) D(O,s(y)) — {1:Com}
(4) D(s(x), s(y)) = { 1/2: D(s(x), s(x)),
1/2 : Com(D(m(x, y), s(y)), M(x, ¥)) }

(DP(Radiv), Raiv)-Dependency Graph:

@ directed graph whose nodes are the dependency tuples from P

@ there is an arc from s — {p: :

Cly...

Pk ckptov — ... iff thereis t < ¢

for some j and substitutions o1, 02 such that toy —'>:p(3) o
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Dependency Graph Processor (sound & complete)

(@  m(x,0) = {1:x}

(B) m(s(x). 5()) — {1: m(x, 1)}
(e)  d(O,s(y)) — {1

(d) d(s(x), s(y)) = {

PrOCDG(P S) — {(771 )....,(Pk,

where Py, ..., Py are the SCCs of
the (P, S)-dependency graph

(P, S)-Dependency Graph

{1: 0}
172 d(s(x), s(¥))> 1/2 = s(d(m(x, y) s())}

(1) M(x, ©) — { 1:Com}
(2) M(s(x), s(y)) = { 1: M(x, y)}
(3) D(O,s(y)) — { 1:Com}
(4) D(s(x), s(y)) = { 1/2: D(s(x), s(x)),
1/2 : Com(D(m(x, y), s(y)), M(x, ¥)) }

(DP(Radiv), Raiv)-Dependency Graph:

@ directed graph whose nodes are the dependency tuples from P

@ there is an arc from s — {p: :

Cly...

Pk ckptov — ... iff thereis t < ¢

for some j and substitutions o1, 02 such that toy —'>:p(3) o
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Dependency Graph Processor (sound & complete)

(@  m(x,0) = {1:x}

(B) m(s(x). 5()) — {1: m(x, 1)}
(e)  d(O,s(y)) — {1

(d) d(s(x), s(y)) = {

PrOCDG(P S) — {(771 )....,(Pk,

where Py, ..., Py are the SCCs of
the (P, S)-dependency graph

(P, S)-Dependency Graph

{1: 0}
172 d(s(x), s(¥))> 1/2 = s(d(m(x, y) s())}

(1) M(x, ©) — { 1:Com}
(2) M(s(x), s(y)) = { 1: M(x, y)}
(3) D(O,s(y)) — {1:Com}
(4) D(s(x), s(y)) = { 1/2: D(s(x), s(v)),
1/2 : Com(D(m(x, ), s(y)), M(x, ¥)) }

(DP(Radiv), Raiv)-Dependency Graph:

@ directed graph whose nodes are the dependency tuples from P
iff there is t < ¢;
for some j and substitutions o1, 02 such that to; —'>:p(3) Voo

@ there is an arc from s — {p1 : c1,. ..

JPk:iCkptov — ...
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Dependency Graph Processor (sound & complete)

1 M(x, © 1: Com
@  mx, O) = {1:x} ﬁzg M(s(x)(, sm; = % 1 M( },m
® <d<(o> gy;; § g(; N} (3) D(O.s(y)) — {1:Com}
c s(y.
(@ s s) = {12 dls(x), ), /2 el ), s (8 PED 0D = Ly D ),

(DP(Radiv), Raiv)-Dependency Graph:

Procpe(DT (Radiv), Raiv)

= {{®@)}Raw), {(4)}, Ra)

(P, S)-Dependency Graph

@ directed graph whose nodes are the dependency tuples from P

@ thereis an arc from s — {p1 : c1,...,px : ck} to v — ... iff thereis t < ¢
for some j and substitutions o1, 02 such that toy —'>:p(3) Vo2
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Reduction Pair Processor (sound & complete)

1 M(x, © 1: Com
(@ mbx Q)= {1:x} 2) M 500) > L1 W )
(b) m(s(). 5(1)) — {11 m(x, )} e e S
() AO.s)) = {1: O} . (#) D(s(x), (1)) — { 1/2 : D(s(x), s(¥)),
(@) 4002 5()) — {1/2 1 d(s(x), s(0)), /2 & s(d(m(x, y), s())} TR o TNV

uation
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Reduction Pair Processor (sound & complete)

1 M(x, © 1: Com
(@ mbx Q)= {1:x} 2) M 500) > L1 W )
(b) m(s(). 5(1)) — {11 m(x, )} e e S
() AO.s)) = {1: O} . (#) D(s(x), (1)) — { 1/2 : D(s(x), s(¥)),
(@) 4002 5()) — {1/2 1 d(s(x), s(0)), /2 & s(d(m(x, y), s())} TR o TNV

Procgp(P,S) = {(P\ P-,S)}
Find weakly-monotonic, multilinear, Com-additive, natural polynomial
interpretation Pol such that
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Reduction Pair Processor (sound & complete)

1 M(x, O 1: Com
@  mx, O) = {1:x} 8 M(s(x)(, 5(y)§ = % 1 M(x}, "}
(B) m(s(x). 5()) — {1: m(x, 1)} (3) D(O,s(y)) — {1:cCom}
() d(O.sy) = {1: O} (4) D(s(x), 5(v)) = { 1/2: D(s(x), s(v)),
(@) 40, s()) — {1/2 - d(s(x), (1)), 1/2 - s(d(m(x, ¥), s(¥))} 1/2 : con(D(m(x, ), s(x))» M(x, ¥))}

Procgp(P,S) = {(P\ P-,S)}
Find weakly-monotonic, multilinear, Com-additive, natural polynomial
interpretation Pol such that

@ Forall »pu={p1:n,...,px:r} in S:
Pol(€) > E(u) = > p;- Pol(r)

1<j<k
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Reduction Pair Processor (sound & complete)

1 M(x, O 1: Com
(@  mlx, O) = {1ix} 8 M(s(x)(, o % 1: M(x}, "}
(B) m(s(x). 5()) — {1: m(x, 1)} (3) D(O,s(y)) — {1:cCom}
(@ d(O,sly) = {1: O} (#) D(s(x), s(») — { 1/2: D(s(x), s(»)),
(d) d(s(x): s()) — {1/2 = d(s(x). (1)), /2 : s(d(m(x, y), s())} 172 + Gon(D(m(x, ¥), s()), M(x, y))}

Procgp(P,S) = {(P\ P-,S)}
Find weakly-monotonic, multilinear, Com-additive, natural polynomial
interpretation Pol such that

@ Forall »pu={p1:n,...,px:r} in S:
Pol(€) > E(u) = > p;- Pol(r)
1<j<k
@ Forall (¢#,0) — = {p1:{c1,n), ., px: {ck, rx)} in P
Pol(¢#) > E(u Z p; - Pol(c))

1<j<k
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Reduction Pair Processor (sound & complete)

1 M(x, © 1: Com
@  mx, O) = {1:x} ﬁzg M(s(x)(, 5(y)§ = % 1 M(x}, "}
® <d<(o> gy;; § "(;(; N} (3) D(O.s(y)) — {1:Com}
c s(y. R
() dlsa)ss() = {172 d6), 50), /2 s, ), sy @ PEL 0D = L0600 D

Procgp(P,S) = {(P\ P-,S)}
Find weakly-monotonic, multilinear, Com-additive, natural polynomial
interpretation Pol such that

@ Forall »pu={p1:n,...,px:r} in S:
Pol(€) > E(u) = > p;- Pol(r)
1<j<k
@ Forall (¢#,0) — = {p1:{c1,n), ., px: {ck, rx)} in P
Pol(¢#) > E(u Z p; - Pol(c))
1<j<k
@ For all (¢#,0) — {p1:{(c1,m),..., Pk : {Ck, )} in Ps there is a j with
Pol(£#) > Pol(c;)
If¢—{p1:rn,...,px: rc} is in S, then we additionally require
Pol(£) > Pol(r;)
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Reduction Pair Processor (sound & complete)

1 M(x, © 1: Com
(@ mbx Q)= {1:x} 2) M 500) > L1 W )
(b) m(s(x). 5(v)) — {1 : m(x, )} e e S
() AO.s)) = {1: O} . (@) D(s(x), s(v)) — { 1/2 : D(s(x), (1))
(@) 4002 5()) — {1/2 1 d(s(x), s(0)), /2 & s(d(m(x, y), s())} R VRN
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Reduction Pair Processor (sound & complete)

1 M(x, O 1: Com
(@)  mlx, 0) = {1:x} 8 M(s(x)(, 5(y)§ S % 1: M(x}, "}
(B) m(s(x). 5()) — {1: m(x, 1)} (3) D(O,s(y)) = {1:Com}
() d(O,s(y)) - {1: 0O} (4) D(s(x), s(y)) — { 1/2: D(s(x), s(y)),
(d) dls(x)ss(v)) = {1/2 : d(s(x). s(x)), 1/2 : s(d(m(x, v), s} 1/2 : Com(D(m(x, ), s(y)), M(x, y))}
({4} Raw) -
Opoy = 0 Spo/(X) = 2x+2
meo(X,y) = x dro(x,y) = x
MPOI(X).y) = X+1 DPU/(Xv.y) = X+1
Compo(X,y) = x4y
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Reduction Pair Processor (sound & complete)

. 1 M(x, © 1:Com}
(@ mbx Q)= {1:x} 2) M 500) > L1 W )
(b) m(s(). 5(1)) — {11 m(x, )} VS ) T e
() AO.s)) = {1: O} . (@) D(s(x), s(v)) — { 1/2 : D(s(x), (1))
(@) 4002 5()) — {1/2 1 d(s(x), s(0)), /2 & s(d(m(x, y), s())} R VRN
({4} Raw)
Opoy = 0 spoi(x) = 2x+42
meoi(X,y) = X dra(x,y) = x
Meo(x,y) = x+1 Dea(x,y) = x+1

Compo/(Xx,y) x+y

Pol(D(s(x),s(y))) = /2 Pol(D(s(x),s(y)))
+ Y/2- Pol(Com(D(m(x, y),s(y)), M(x, y)))
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Reduction Pair Processor (sound & complete)

1 M(x, © 1: Com
(@) mx, 0) = {1:x} Moy S et
(B) m(s(x). 5()) — {1: m(x, 1)} (3) D(O,s(y)) = {1:Com}
() d(O,s(y)) - {1: 0O} (4) D(s(x), s(y)) — { 1/2 : D(s(x), s()),
(d) d(s(x), s(v)) = {1/2 1 d(s(x), s, 1/2 : s(d(m(x, ), s(¥))} 12 - Con(Dlmte 3}, s6)s M(x, v}
{#)} Raw) -
Opoy = 0 Spo/(X) = 2x+2
meo(X,y) = x dro(x,y) = x
Meo(x,y) = x+1 Dpu(x,y) = x+1
Compo/(x,y) = x+y
2x+3 > 12-(2x+3)+1/2-(2x+2)

uation
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Reduction Pair Processor (sound & complete)

1 M(x, © 1: Com
@  mx, O) = {1:x} 8 M(s(x)(, 5(y)§ = % 1 M(x}, "}
(B) m(s(x). 5()) — {1: m(x, 1)} (3) D(O,s(y)) = {1:Com}
(&) dO,s(y) = {1: O} (#) D), s(v) — { 1/2: D(s(x), s(»)),
(d) d(s(x), s(v)) = {1/2 1 d(s(x), s, 1/2 : s(d(m(x, ), s(¥))} U2 - Gon(D(mler3), 5()), Mx, )}
{#)} Raw) -
Opy = 0 spol(x) = 2x+2
meo(X,y) = x dro(x,y) = x
MPOI(X).y) = X+1 DPU/(Xv.y) = X+1

Compo/(Xx,y) x+y

2x+3 > 2x+4+241)
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Reduction Pair Processor (sound & complete)

(a) m(x, O 1:x}

o) ¢ M M 0)  (1:co
(b) m(s(). 5(1)) — {11 m(x, )} VS oy T L
() AO.s)) = {1: O} . (@) D! () = { 12 D(s(x), 5(1)).
(@) 4002 5()) — {1/2 1 d(s(x), s(0)), /2 & s(d(m(x, y), s())} R VRN
{4} Raw)
Opro = 0 spol(X) = 2x+2
meo(x,y) = x deoi(x,y) = x
Meo(x,y) = x+1 Dea(x,y) = x+1

Compo/(Xx,y) x+y

2x+3 > 2x+241)
and
Pol(D(s(x),s(y))) = 2x + 3 > 2x + 2 = Pol(Com(D(m(x, y),s(y)), M(x, y)))
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Reduction Pair Processor (sound & complete)

1 M(x, © 1: Com
(@ mbx Q)= {1:x} 2) M 500) > L1 W )
(b) m(s(). 5(1)) — {11 m(x, )} e e S
() AO.s)) = {1: O} . (@) D). () = { 1/2: D(s(x), 5(»))
(@) 4002 5()) — {1/2 1 d(s(x), s(0)), /2 & s(d(m(x, y), s())} Y L
{#®)} Raw)
Opro = 0 spol(X) = 2x+2
meoi(X,y) = X dra(x,y) = x
Meoi(x,y) = x+1 Dra(x,y) = x+1

Compo/(Xx,y) x+y

2x+3 > 2x+241)
and
Pol(D(s(x),s(y))) = 2x + 3 > 2x + 2 = Pol(Com(D(m(x, y),s(y)), M(x, y)))

Procrp({(4)}, Raiv) = {(2, Rai)}
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Final Innermost Almost-Sure Termination Proof

(DT (Raiv), Raiv)

3

()}, Raw) {4#)} Raw)
(2, Raiv) (2, Raiv)

= Innermost almost-sure termination is proved automatically!
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Implementation and Experiments

@ Fully implemented in AProVE
e Evaluated on 67 benchmarks (61 iAST / 59 AST)

AProVE | DPs | Direct Polo | NaTT2
iAST 53 51 27 22
AST 27 - 27 22

Evaluation

[ ]e]

Probabilistic Quicksort:

rotate(cons(x, xs)) —{1/2 : cons(x, xs), }/2 : rotate(app(xs, cons(x, nil)))}
gs(nil) = {1 : nil}
gs(cons(x, xs)) —{1 : gsHelp(rotate(cons(x, xs)))}
gsHelp(cons(x, xs)) — {1 : app(gs(low(x, xs)), cons(x, gs(high(x, xs))))}
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Conclusion

1. Direct application of polynomials for AST of probabilistic TRSs

e Pol(¢) > Pol(rj) for some 1 < j <k
@ Pol(€) > E(u) =p1- Pol(r)+ ...+ px - Pol(rk)
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@ Adapted the main processors and added more:

o Dependency Graph Processor o Usable Terms Processor
o Reduction Pair Processor o Usable Rules Processor
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e Fully implemented in AProVE.

22/22



	Introduction (TRS)
	DP Framework
	Introduction (PTRS)
	Prob DP Framework
	Evaluation

