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» Does the bunny (program) always reach the carrot (terminate)?
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» Does the bunny (program) always reach the carrot (terminate)?
» What is the probability of reaching the carrot (probability of termination)?
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Random Walk
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while z > 0 do

| 2+ 2-1 @2y 2T+ 1

» Does the bunny (program) always reach the carrot (terminate)?

» What is the probability of reaching the carrot (probability of termination)?

» What is the expected number of steps it takes to reach the carrot (expected runtime)?
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Two Important Questions
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Two Important Questions

1. What are applications of probabilistic programs? Why are they interesting?
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Probabilistic Quicksort

Order Natural Numbers
Given: T1y...,Tn EN
Problem: Sort the elements in ascending order.
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Probabilistic Quicksort

Order Natural Numbers
Given: T1y...,Tn EN
Problem: Sort the elements in ascending order.

Deterministic Algorithm:
» Pick xy as pivot element and split the list into L = {x; | 2; <1} and R = {z; | &; > 21}
» Solve the problem for L and R recursively.

» Combine the two solutions and place x1 in between.
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= Average runtime in O(n -log(n)).
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Probabilistic Quicksort

Order Natural Numbers
Given: T1y...,Tn EN
Problem: Sort the elements in ascending order.

Las Vegas Algorithm:
» Pick pivot element at random and split the list into L = {x; | 2; < 1} and R = {z; | &; > x1}.
» Solve the problem for L and R recursively.

» Combine the two solutions and place x1 in between.
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Probabilistic Quicksort

Order Natural Numbers
Given: T1y...,Tn EN
Problem: Sort the elements in ascending order.

Las Vegas Algorithm:
» Pick pivot element at random and split the list into L = {x; | 2; < 1} and R = {z; | &; > x1}.
» Solve the problem for L and R recursively.
» Combine the two solutions and place x1 in between.

= Expected runtime in O(n -log(n)).
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Two Important Questions

1. What are applications of probabilistic programs? Why are they interesting?

2. How to automatically analyze probabilistic programs?
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Termination and Complexity Analysis for Ordinary Programs
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» language-specific features when generating symbolic execution graph
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» language-specific features when generating symbolic execution graph

» back-end analyzes Term Rewrite Systems and/or Integer Transition Systems
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How to Automatically Analyze Probabilistic Programs?

Modularity

./ Ranking
"' Functions

PTRS ~ ADP
AST SAST Framework

Evaluation
Strategies
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How to Automatically Analyze Probabilistic Programs?

Modularity
PTRS /" Ranking ~ ADP
AST SAST "\_ Functions Framework
Evaluation Disorovin
Strategies P &
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Probabilistic Term Rewriting

PTRS
AST SAST
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Probabilistic Term Rewrite Systems

Rgeo: geo(x) — {1/2x, 1/deo(O:x)}
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Probabilistic Term Rewrite Systems

Rgeo: geo(x) — {1/2x, 1/deo(O:x)}

Distribution: g = {P't1,...,P*tx} with pr1 + -+ +pr =1

geo([1)
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Probabilistic Term Rewrite Systems

Regeo: geo(x) — {1/2}{, 1/f"geo(O:x)}

Distribution: g = {P't1,...,P*tx} with pr1 + -+ +pr =1

T 1 feee()

|1/2|geo(0: [])| |1/2| [1 |
]
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Probabilistic Term Rewrite Systems

Regeo: geo(x) — {I/ZX, 1/2geo(0:x)}

Distribution: g = {P't1,...,P*tx} with pr1 + -+ +pr =1

T 1 feee()

|1/2|geo(0:[])| |1/2|[]|
0
|1/4]geo(0:0:11)|  [1/a]o: 11|
[0l
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Probabilistic Term Rewrite Systems

Regeo: geo(x) — {1/2x, 1/deo(O:x)}

Distribution: g = {P't1,...,P*tx} with pr1 + -+ +pr =1
T geo([1)

Probability of Termination: | /o | geo(0: [1) | | 1/a | 0] |
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[1/1]geo(0:0: )] [a]0: 0]
[0]
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Probabilistic Term Rewrite Systems

Regeo: geo(x) — {1/2x, 1/deo(O:x)}

Distribution: g = {P't1,...,P*tx} with pr1 + -+ +pr =1

To [1]eeo()

Probability of Termination: | /o | geo(0:[1) | | 1/2 | 0 |
s / \ [
|‘§|:1/2+1/4+1/8+...:;)2n%:1 |1/4|geo(0:0:[])| |1/4|0:[]|

[o]

Almost-Sure Termination (AST)
PTRS R is AST if |T| = 1 for every ¥.
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Probabilistic Term Rewrite Systems

Regeo: geo(x { Y2y V2geo(0: x)}
Distribution: = {"'t1,..., "%t} with pr + -+ +pr =1 T geo([1)
[Flse00] []0]
[1/]geo(0:0: )] |1/4|0:[][|]

[o]
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Probabilistic Term Rewrite Systems

Regeo: geo(x) — {1/2x, 1/deo(O:x)}

ferpih o g (Pl Pk ; _
Distribution: p = {P'¢1,..., Pk} with p1 + -+ +pp =1 T . geo([])

Expected Derivation Length:

di(T) [ecelo )] 210

(1
|1/4|geo(0:0: [])| |1/4|0: [1 |
[o]
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Probabilistic Term Rewrite Systems

Regeo: geo(x) — {1/2x, 1/deo(O:x)}

ferpih o g (Pl Pk ; _
Distribution: p = {P'¢1,..., Pk} with p1 + -+ +pp =1 T . geo([])

Expected Derivation Length:

edl(S) = 14 1ot [12]eecl0:01)] [2]00]

(1
|1/4|geo(0:0: [])| |1/4|0: [1 |
[o]
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Probabilistic Term Rewrite Systems
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Distribution: p = {P'¢1,..., Pk} with p1 + -+ +pp =1 T . geo([])

Expected Derivation Length:
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Probabilistic Term Rewrite Systems

Regeo: geo(x) — {1/2x, 1/zgeo(O:x)}
Distribution: p = {P'¢1,..., Pk} with p1 + -+ +pp =1 T zoo( D)
Expected Derivation Length: . | 7 | o0 ) | | 0 | . |
edl(®)=1+12+1a+... = Z(l/g)" =2 -
n=0
| /4 | geo(0:0:[1) | | /4 | 0:0] |
[o]
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Probabilistic Term Rewrite Systems
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edhr,,, (geo([1)) = sup{edl(T) | T starts with geo([1)} (0]
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Expected Derivation Length: - | 7 | ge0(0:10) | | 1z | 0 |
edl(Z) =1+ +Va+... = Z(l/g)" =92 -
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Probabilistic Term Rewrite Systems

Reeo: geo(x { V2%, 2geo(0: x)}

ictri on- — [P1 Pr i =
Distribution: p = {P'¢1,..., Pk} with p1 + -+ +pp =1 T, geo(0))

Expected Derivation Length: . | 7 | o0 ) | | 0 | . |
edl(®)=1+12+1a+... = Z(l/g)" =2 -
Expected Derivation Height: "l | 1y | geo(0:0: [1) | | 1y | 0:[] |
edhr,,, (geo([])) = sup{edl(%) | T starts with geo([1)} = o]

Strong Almost-Sure Termination (SAST)1PY20]

PTRS R is SAST if edh () is finite for every start term ¢.

(ADY20] ) Avanzini, U. Dal Lago, and A. Yamada. On Probabilistic Term Rewriting (SCICO 2020)
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Probabilistic Term Rewrite Systems

Regeo: geo(x) — {1/2x, 1/deo(O:x)} SAST
Distribution: p = {P'¢1,..., Pk} with p1 + -+ +pp =1 T. geo([])
Expected Derivation Length: . | 7 | ze0(0: 1) | | 'z | . |
edl(T) =1+ 12+ a+... =Y (Y2)" =2 .
n=0
Expected Derivation Height: | 1/y | geo(0:0:[1) | | 1/4 | 0:1 |

edhr,,, (geo([1)) = sup{edl(¥) | T starts with geo([1)} =2 [0]

Strong Almost-Sure Termination (SAST)1PY20]

PTRS R is SAST if edh () is finite for every start term ¢.

(ADY20] ) Avanzini, U. Dal Lago, and A. Yamada. On Probabilistic Term Rewriting (SCICO 2020)
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Probabilistic Term Rewrite Systems

Regeo: geo(x) — {1/2x, 1/deo(O:x)} SAST
Distribution: p = {P'¢1,..., Pk} with p1 + -+ +pp =1 T. geo([])
Expected Derivation Length: . | 7 | ze0(0: 1) | | 'z | . |
edl(T) =1+12+a+... =Y (2)" =2 .
n=0
Expected Derivation Height: | 1/y | geo(0:0:[1) | | 1/4 | 0:1 |

edhr,,, (geo([1)) = sup{edl(¥) | T starts with geo([1)} =2 5
Strong Almost-Sure Termination (SAST)1PY20]
PTRS R is SAST if edhg (¢) is finite for every start term ¢.

SAST = AST and AST # SAST

(ADY20] ) Avanzini, U. Dal Lago, and A. Yamada. On Probabilistic Term Rewriting (SCICO 2020)
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How to Automatically Analyze Probabilistic Programs?

Modularity
PTRS /" Ranking ~ ADP
AST SAST "' Functions Framework

Evaluation
Strategies
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Ranking Functions

Ranking

Functions
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Proving Almost-Sure Termination

Rigeo: geo(x) — {"/*x, /2geo(0:x) }
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Proving Almost-Sure Termination

Rigeo: geo(x) — {"/*x, /2geo(0:x) }

Theorem: Proving AST [KG23][MMKK]

Let Pol be a natural & monotonic & multilinear polynomial interpretation.

IMMKKT Mclver et al. A new proof rule for almost-sure termination (POPL 2017)
(K623l j _C. Kassing and J. Giesl. Proving Almost-Sure Innermost Termination [...] (CADE 2023)
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Proving Almost-Sure Termination

Rigeo: geo(x) — {"/*x, /2geo(0:x) }

Multilinear Polynomials

x -y is multilinear but 2?2 is not.

Theorem: Proving AST [KG23][MMKK]

Let Pol be a natural & monotonic & multilinear polynomial interpretation.

MMKK] Mclver et al. A new proof rule for almost-sure termination (POPL 2017)
(K623 ) _C. Kassing and J. Giesl. Proving Almost-Sure Innermost Termination [...] (CADE 2023)

12 Automatically Analyzing Probabilistic Term Rewriting, J.-C. Kassing



Proving Almost-Sure Termination

Rigeo: geo(x) — {"/*x, /2geo(0:x) }

Polgeo(x) = x4 2 Polo =0 Pol.(x,y)=x+y+1

Multilinear Polynomials

x -y is multilinear but 2?2 is not.

Theorem: Proving AST [KG23][MMKK]

Let Pol be a natural & monotonic & multilinear polynomial interpretation.

MMKK] Mclver et al. A new proof rule for almost-sure termination (POPL 2017)
(K623 j _C. Kassing and J. Giesl. Proving Almost-Sure Innermost Termination [...] (CADE 2023)

POl[] =0
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Proving Almost-Sure Termination

Rigeo: geo(x) — {"/*x, /2geo(0:x) }
Polgeo(x) = x4 2 Polo =0 Pol.(x,y)=x+y+1 Polpy =0
Multilinear Polynomials
x -y is multilinear but 2?2 is not.
Theorem: Proving AST [KG231MMKK]
Let Pol be a natural & monotonic & multilinear polynomial interpretation.
R is AST if for all £ — {P1rq, ..., Prry} € R:
» Pol(£) > Pol(r;) for some 1< j <k » Pol(£) > py - Pol(r1) + ...+ pi - Pol(rg)

MMKK] Mclver et al. A new proof rule for almost-sure termination (POPL 2017)
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Proving Almost-Sure Termination

Rgeo: Pol(geo(x)) > Pol(x)

Polgeo(x) = x4 2 Polo =0 Pol.(x,y)=xz+y+1 Polpy =0

Multilinear Polynomials
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Proving Almost-Sure Termination
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Proving Almost-Sure Termination
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Multilinear Polynomials
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Theorem: Proving AST [KG23][MMKK]

Let Pol be a natural & monotonic & multilinear polynomial interpretation.
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Proving Strong Almost-Sure Termination

Rigeo: geo(x) — {"/*x,/2geo(0:x) }
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Proving Strong Almost-Sure Termination

Rigeo: geo(x) — {"/*x,/2geo(0:x) }

Theorem: Proving SASTIAPY20]

Let Pol be a natural & monotonic & multilinear polynomial interpretation.

(ADY20] . Avanzini, U. Dal Lago, and A. Yamada. On Probabilistic Term Rewriting (SCICO 2020)
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Multilinear Polynomials

x -y is multilinear but 2?2 is not.
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Let Pol be a natural & monotonic & multilinear polynomial interpretation.

(ADY20] ) Avanzini, U. Dal Lago, and A. Yamada. On Probabilistic Term Rewriting (SCICO 2020)

POl[] =0

13 Automatically Analyzing Probabilistic Term Rewriting, J.-C. Kassing



Proving Strong Almost-Sure Termination

Rgeo: geo(x) — {"/*x,"/2geo(0:x)}

Polgeo(x) =z + 2 Polo =0 Pol.(x,y)=z+y+1 Polpy =0

Multilinear Polynomials

x -y is multilinear but 2?2 is not.

Theorem: Proving SASTIAPY20]

Let Pol be a natural & monotonic & multilinear polynomial interpretation.
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Proving Strong Almost-Sure Termination

Rgeo: Pol(geo(x)) > /2 Pol(x) + /2 - Pol(geo(0:x))

Polgeo(x) =z + 2 Polo =0 Pol.(x,y)=z+y+1 Polpy =0

Multilinear Polynomials
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Proving Strong Almost-Sure Termination

Regeo: geo(x) — {"/*x,/2geo(0:x) } = proves SAST

Polgeo(x) =z + 2 Polo =0 Pol.(x,y)=z+y+1 Polpy =0

Multilinear Polynomials

x -y is multilinear but 2?2 is not.

Theorem: Proving SASTIAPY20]

Let Pol be a natural & monotonic & multilinear polynomial interpretation.
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Proving Strong Almost-Sure Termination

Regeo: geo(x) — {"/*x,/2geo(0:x) } = proves SAST

Polgeo(x) =z + 2 Polo =0 Pol.(x,y)=z+y+1 Polpy =0

Multilinear Polynomials

x -y is multilinear but 2?2 is not.

Theorem: Proving SASTIAPY20]

Let Pol be a natural & monotonic & multilinear polynomial interpretation.

R is SAST if for all rules £ — pi: Pol(¢) > Epoi(p) =321 <<y pj - Pol(ry) for p={Prrq,...

Goal: Infer expected complexity from the highest degree of Pol.

[ADY20] pp. Avanzini, U. Dal Lago, and A. Yamada. On Probabilistic Term Rewriting (SCICO 2020)
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How to Automatically Analyze Probabilistic Programs?

Modularity
PTRS /" Ranking ~ ADP
AST SAST "' Functions Framework

Evaluation
Strategies
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Evaluation Strategies

Evaluation

Strategies
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Innermost Termination vs. Termination

R: fg(1)) — f(g(01))
g(l) — 0
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Innermost Termination vs. Termination
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Innermost Termination vs. Termination

R: fg(1)) — f(g(01))
g(l) — 0

Terminating? No:

Innermost Terminating? Yes:
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Innermost Termination vs. Termination

R: fg(1)) — f(g(01))
g(l) — 0

Terminating? No:

Innermost Terminating? Yes:

f(e(01))
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Innermost Termination vs. Termination

R: fg(1)) — f(g(01))
g(ll) — 0

Terminating? No:

Innermost Terminating? Yes:

f(g([1)) == f(0D)

15 Automatically Analyzing Probabilistic Term Rewriting, J.-C. Kassing



Innermost Termination vs. Termination

R: fg(1)) — f(g(01))
g(l) — 0

Terminating? No:

Innermost Terminating? Yes:

f(g([1)) = f([1) < normal form
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Innermost Termination vs. Termination

R: fg(1)) — f(g(01))
g(l) — 0

Terminating? No:

Innermost Terminating? Yes:

f(g([1)) = f([1) < normal form

Termination = Innermost Termination
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Innermost Termination vs. Termination

R: fg(1)) — f(g(01))
g(l) — 0

Terminating? No:

Innermost Terminating? Yes:

f(g([1)) = f([1) < normal form

Termination = Innermost Termination

Goal: Decidable Conditions s.t. Innermost AST =— AST and Innermost SAST — SAST
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Innermost Termination vs. Termination

Required Conditions
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Innermost Termination vs. Termination

Required Conditions

» Non-overlapping: No left-hand sides overlap
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Innermost Termination vs. Termination

Required Conditions
» Non-overlapping: No left-hand sides overlap

f([1)— ... and f([1) — ... overlap
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Innermost Termination vs. Termination

Required Conditions

» Non-overlapping: No left-hand sides overlap

f([1) = ... and f([1) — ... overlap  f([1)—...

and f(x:xs) — ... do not overlap
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Required Conditions
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Innermost Termination vs. Termination

Required Conditions
» Non-overlapping: No left-hand sides overlap

f([1)— ... and f([]) — ... overlap f([1) — ... and f(x:xs) — ... do not overlap

» Linear: Each variable at most once in a left-hand side and in each term of the right-hand side

g(x,2) — ... not linear
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Innermost Termination vs. Termination

Required Conditions
» Non-overlapping: No left-hand sides overlap

f([1)— ... and f([]) — ... overlap f([1) — ... and f(x:xs) — ... do not overlap

» Linear: Each variable at most once in a left-hand side and in each term of the right-hand side

g(x,2) — ... not linear f(x) — {*g(z,2)} not linear
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Innermost Termination vs. Termination

Required Conditions
» Non-overlapping: No left-hand sides overlap

f([1)— ... and f([]) — ... overlap f([1) — ... and f(x:xs) — ... do not overlap

» Linear: Each variable at most once in a left-hand side and in each term of the right-hand side

g(x,2) — ... not linear f(x) — {*g(z,2)} not linear f(x) = {7*f(x), V*h(x)} linear
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Innermost Termination vs. Termination

Required Conditions
» Non-overlapping: No left-hand sides overlap

f([1)— ... and f([]) — ... overlap f([1) — ... and f(x:xs) — ... do not overlap

» Linear: Each variable at most once in a left-hand side and in each term of the right-hand side

g(x,2) — ... not linear f(x) — {*g(z,2)} not linear f(x) = {7*f(x), V*h(x)} linear

Theorem[KFG24] [KG253]

If a PTRS R is non-overlapping, and linear, then: R is AST <= R isiAST.

(KG25a] . Kassing and J. Giesl. From Innermost to Full Probabilistic Term Rewriting: AST, Complexity, and Modularity (LMCS 2025)
[KFG24] j _C. Kassing, F. Frohn, and J. Giesl. From Innermost to Full Almost-Sure Termination [...] (FoSSaCS 2024)
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How to Automatically Analyze Probabilistic Programs?

Modularity
PTRS /" Ranking ~ ADP
AST SAST "' Functions Framework

Evaluation
Strategies
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Modularity Results
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Modularity
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Modularity

Imperative Programs:
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Modularity

Imperative Programs:

R1 has property Prop

R has property Prop <=  Ri;R2 has property Prop
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Modularity

Imperative Programs: Sequential Execution

4

h P
Ry has property Prop <= Ri;R2 has property Prop

R has property Prop
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Modularity

Imperative Programs: Sequential Execution
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h P
Ry has property Prop <= Ri;R2 has property Prop

R has property Prop

Term Rewriting:
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Modularity

Imperative Programs: Sequential Execution

4

h P
Ry has property Prop <= Ri;R2 has property Prop

R has property Prop

Term Rewriting:

R1 has property Prop

R has property Prop <=  Ri1UTRs has property Prop
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Modularity

Imperative Programs: Sequential Execution

4

h P
Ry has property Prop <= Ri;R2 has property Prop

R4 has property Prop

Term Rewriting: Union of Rule Sets

1

h P
R1 has property Prop & RyUR, has property Prop

R has property Prop
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Modularity

Imperative Programs: Sequential Execution

4

h P
Ry has property Prop <=  Ri;R2 has property Prop

R4 has property Prop

Term Rewriting: Union of Rule Sets

1

h P
R1 has property Prop & RyUR, has property Prop

R has property Prop

Rlen: Radd:
len([]) — O 0+x — x
len(x:xs) — 1+len(xs) (1+x)+y —  x+(1+y)
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Modularity AST
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Modularity AST

Disjoint Unions (No common function symbols):

Rli AST RQZ

fx) — {Vx7f(f(x))}

g(x)

AST
= {"’x,"g(g(x))}

Yes
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Modularity AST
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Modularity AST

Disjoint Unions (No common function symbols):

Rll AST RQI

) — {2, f(f(x))}

g(x)

AST
= {’x,"g(g(x))}

Yes
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Modularity AST

Disjoint Unions (No common function symbols): Yes
Rli AST RQZ AST
) — {2, f(f(x))} gx) — {"x"glg(x))}
flg(x))
Shared Constructor Systems (No common defined function symbols): Yes
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Modularity AST

Disjoint Unions (No common function symbols): Yes
Rli AST RQZ AST
) — {2, f(f(x))} gx) — {"x"glg(x))}
flg(x))
Shared Constructor Systems (No common defined function symbols): Yes
Rli AST RQZ AST
fs(x)) — {Y2f(x),"*f(s(s((x)))} g0) — {/2s(0), *s(g(g(0)))}
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Modularity AST

Disjoint Unions (No common function symbols): Yes
Rli AST RQZ AST
) — {2, f(f(x))} gx) — {"x"glg(x))}
flg(x))
Shared Constructor Systems (No common defined function symbols): Yes
Rli AST RQZ AST
fs(x)) — {Y2f(x),*f(s(s((x))))} g0) — {/2s(0), /*s(g(g(0)))}
{*f(g(0))}

19 Automatically Analyzing Probabilistic Term Rewriting, J.-C. Kassing



Modularity AST

Disjoint Unions (No common function symbols): Yes
Rli AST RQZ AST
) — {2, f(f(x))} gx) — {"x"glg(x))}
flg(x))
Shared Constructor Systems (No common defined function symbols): Yes
Rli AST RQZ AST
fs(x)) — {Y2f(x),*f(s(s((x))))} g0) — {/2s(0), /*s(g(g(0)))}

{1(g(0))} “+=, {7*f(s(0)). *f(s(g(g(0))))}
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Modularity AST

Disjoint Unions (No common function symbols): Yes
Rli AST RQZ AST
) — {2, f(f(x))} gx) — {"x"glg(x))}
flg(x))
Shared Constructor Systems (No common defined function symbols): Yes
Rli AST RQZ AST
fs(x)) — {Y2f(x),*f(s(s((x))))} g0) — {/2s(0), /*s(g(g(0)))}

{1(g(0))} “=, {7*f(s(0)), "*f(s(g(g(0)))} “r, -
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Modularity SAST
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Modularity SAST

Disjoint Unions (No common function symbols):

Yes (no details)

20 Automatically Analyzing Probabilistic Term Rewriting, J.-C. Kassing



Modularity SAST

Disjoint Unions (No common function symbols):

Shared Constructor Systems (No common defined function symbols):

Yes (no details)
No
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Modularity SAST

Disjoint Unions (No common function symbols): Yes (no details)
Shared Constructor Systems (No common defined function symbols): No
Ra: SAST Ra: SAST
fe(xy) — {Te(f®),f(y)} gx) — {g(d),"*x}
f(0) — {'0} dx) — {lc(xx)}
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Modularity SAST

Disjoint Unions (No common function symbols): Yes (no details)
Shared Constructor Systems (No common defined function symbols): No
Ra: SAST Ra: SAST
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Modularity for PTRSs

Theorem (Innermost Modularity)KG252]

Let R1 and Ry be PTRSs.
R1,Ro are iAST <= R UTRs is 1AST for disjoint unions,
Ri,Ro are iAST <= Ry UTRs, is 1AST for shared constructor unions,
R1,Ro are iSAST <= R U Ry is iSAST for disjoint unions,

Modularity Results iAST iSAST
Disjoint Unions Yes Yes
Shared Constructor Unions Yes No

(K625 ) _C. Kassing and J. Giesl. From Innermost to Full Probabilistic Term Rewriting: AST, Complexity, and Modularity (LMCS 2025)
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How to Automatically Analyze Probabilistic Programs?

Modularity
PTRS /" Ranking ~ ADP
AST SAST "' Functions Framework

Evaluation
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Disproving

Disproving
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Disproving AST and SAST of a PTRS

Disproving Termination of a TRS:
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Disproving AST and SAST of a PTRS

Disproving Termination of a TRS: Find ¢, context C', and substitution o s. t.

t f(s(x))
l !
Clto] s(f(s(s(x))))
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. .

23 Automatically Analyzing Probabilistic Term Rewriting, J.-C. Kassing



Disproving AST and SAST of a PTRS

Disproving Termination of a TRS: Find ¢, context C', and substitution o s. t.

t f(s(x))
l
Clto] s(f(s(s(x))))
’ ¢
C[Clto]o] s(s(f(s(s(s(x))))))

. .

23 Automatically Analyzing Probabilistic Term Rewriting, J.-C. Kassing



Disproving AST and SAST of a PTRS

Disproving (S)AST of a PTRSIXNSG26l: Try to embed random walks:

[KNSG26] K assing et al. Disproving (Positive) Almost-Sure Termination [...] via Random Walks (IJCAR 2026)
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ADP Framework
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Probabilistic Annotated Dependency Pair Framework

T ADP framework for innermost AST of PTRSs[KPG24][KG25b]

(A(R), R)

| Dependency Graph |

e S
(Dlv R) (D27 R)

| Polo Interpretation | | Polo Interpretation |

(9, R) (9, R)
4 4

[KG25b] j _C. Kassing and J. Giesl. The Annotated Dependency Pair Framework [...] (SCICO 2025)
(KDG24] j _C. Kassing, S. Dollase, and J. Giesl. A Complete Dependency Pair Framework [...] (FLOPS 2024)
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> .
(QLR) (QLR) ADP framework for innermost SASTIXSG25]

1 J-C. Kassing, L. Spitzer, and J. Giesl. Dependency Pairs for Expected Innermost Runtime Complexity [...] (PPDP 2025)
[KG25b] j _C. Kassing and J. Giesl. The Annotated Dependency Pair Framework [...] (SCICO 2025)
(KDG24] j _C. Kassing, S. Dollase, and J. Giesl. A Complete Dependency Pair Framework [...] (FLOPS 2024)

[KSG25
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https://aprove.informatik.rwth-aachen.de/

Conclusion

Modularity
PTRS
AST SAST

\/Ranking

Functions

Framework

Evaluation Disprovin
Strategies P g

Annual Termination Competition Results for PTRS
Category AST SAST

Innermost Evaluation Strategy — 112/141  44/141
Arbitrary Evaluation Strategy 60/141 34/141
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