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plus(s(O), plus(O, x))

N

s(plus(O, plus(O, x))) plus(s(O), x)

Innermost evaluation: always use an innermost reducible expression
— used in most programming languages
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div(O,s(y)) — O
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@ There exists no monotonic, natural Pol that orders all rules strictly

@ Dependency pair approach is able to prove termination
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Subp(minus(x, y))
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{minus(x, y), div(minus(x, y),s(y))}
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Dependency Pairs

If f(¢1,...,¢,) = risaruleand g(r,...,rm) € Subp(r), then
f#(ly,...,0,) — g”(r1,...,ry) is a dependency pair
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Raiv:

minus(x, O) X

(@)
s(div(minus(x, y),s(y)))

div(O,s(y))
div(s(x),s(y))

%
minus(s(x),s(y)) — minus(x,y)

%

_>

Defined Symbols: minus and div , Constructor Symbols: s and O

SubD(X) = o
Subp(minus(x,y)) = {minus(x,y)}
SubD(O) = o
) = {minus(x,y),div(minus(x, y),s(y))}

V.

DP(Rd,'V):

M(s(x),s(y)) — M(x,y)
D(s(x),s(y)) — M(x,y)
D(s(x),s(y)) — D(minus(x,y),s(y))
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Dependency Pairs Cont.

m(x, O) = x

e ) )
4.5 — 9 D(s(x), 5(¥)) — D(m(x; ), s(»))
d(s(x).5(v)) = s(d(m(x, v), 5(¥)))

D a set of DPs, R a TRS.
A sequence of terms to, t1, ... is a (D, R)-chain if we have
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Usable Rules Processor (sound)

(a) m(x, O) = x (1) M(s(x),s(y)) = M(x,y)

(b) m(s(x),s(y)) = m(x,y) (2) D(s(x),s(y)) = M(x,y)

() d(O,s(y)) = O (3) D(s(x),s(y)) = D(m(x,y),s(y))

(d) d(s(x),s(y)) — s(d(m(x,y),s(y)))
Procyr(D,R) = {(D,U(D,R))} Usable Rules:
Procur({(3)}, Raw) = {({(3)},{(a), (b)})} U{(B)}, Rav) = {(a), (b)}
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Usable Rules U(D,R)

@ All rules of R that can be used to evaluate a right-hand side of D
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Reduction Pair Processor (sound & complete)

(1) M(s(x),s(y)) = M(x, y)
(2) B(s(x),s(x)) = M(x, y)
(3) D(s(x),s(x)) = D(m(x; y),s(y))

(a) m(x, 0) — x

(B) m(s(x),s(y)) = m(x,y)

(c) d(O,s(y)) = ©

(d) d(s(x),s(y)) = s(d(m(x,y),s(x)))
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weakly-monotonic

@ weakly-monotonic: if x > y, then fpo/(...,%,...) > fpor(- .., y,...)
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Procrr({(1)}, @) {3} {(a), (b)}) :
Opsy = 0
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meo(Xx,y) = x
Droi(x,y) = x
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Reduction Pair Processor (sound & complete)

(a) x > x
(&) XLz x 3) X+1> x
Procge(D, R) = {(D\ Dy, R)}
Procre({(1)}, @) {3} {(a), (b)}) :
Opsy = 0
Procrp({(3)},{(a), (b)}) spoi(x) = x+1
meo(Xx,y) = x
Droi(x,y) = x

Find weakly-monotonic, natural polynomial interpretation Pol/ such that
@ Pol(£) > Pol(r) for all rules £ — r in R
@ Pol(s) > Pol(t) for all rules s — t in Dy
@ Pol(s) > Pol(t) for all rules s — t in D

12/30



DP Framework
O00000e0

Reduction Pair Processor (sound & complete)

(a) m(x, 0) = x (1) M(s(x), s(y)) = M(x,y)
(b) m(s(x),s(y)) = m(x,y) (2) D(s(x),s(y)) = M(x,y)
(c) d(O,s(y)) - O (3) D(s(x),s(y)) = D(m(x, y),s(y))
(d) d(s(x),s(y)) = s(d(m(x, y),s(»)))
{1}, 9):
SPOI(X) = x+1
Procrp(D,R) = {(D\ D~,R)} Mpoi(x,y) = x
Procre({(1)},2) = {(2, @)} ({(3)},{(a). (B)}) :
Opsy = 0
Procrp({(3)},{(a), (b)}) = {(@.{(a), (b)})} spoi(x) = x+1
mPo/(ny) = X
Dra(x,y) = x

Find weakly-monotonic, natural polynomial interpretation Pol/ such that
@ Pol(£) > Pol(r) for all rules £ — r in R
@ Pol(s) > Pol(t) for all rules s — t in Dy
@ Pol(s) > Pol(t) for all rules s — t in D
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Final Innermost Termination Proof

(DP(Rdiv)7 Rdiv)

(W)} Raw) ({3} Raw)
(®} 2) ({3} {(a). (B)})
(2,9) (2,{(a), (b)})
| Inner. Terminating | | Inner. Terminating |

= Innermost termination is proved automatically!
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Termination of Probabilistic TRSs

Row: g(0) — {Y2:0, 2:g(g(0)) }

Evaluation
00

Distribution:  {pr:ti, ..., pc:tc} withpr+...+pc=1
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Termination of Probabilistic TRSs

Row: g(0) — {Y2:0, 2:g(g(0)) } )
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SR (Y210, 12:8%(0)}
SR {210, Ys:g(0), Ya:6%(0)}
SR (Y210, Y510, Va1 g%(0),

14/30



DP Framework Introduction (PTRS) Prob DP Framework
00000000 e0

Evaluation
0000000000000

(e]e]

Termination of Probabilistic TRSs

Row: g(0) — {Y2:0, 2:g(g(0)) }

Distribution:  {p1:t1, ..., pc:tc} withpi+...+pc=1

{1:8(0)}
SR (Y210, 12:8%(0)}
SR {210, Ys:g(0), Ya:7(0)}

SR (Y210, 1510, Ys:g%(0), Ys:8%(0), Ys:¢°(0)}
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[ le]

Termination of Probabilistic TRSs

Riw: g(0) — {Y2:0, Y2:¢(g(0))} )
Distribution:  {p1:t1, ..., pc:tc} withpi+...+pc=1
{1:8(0)}

SR {Y2:0,12:6%(0)}
SR {1210, Y4:g(0), Ya:¢%(0)}
SR (Y210, 1510, Ys:g%(0), Ys:8%(0), Ys:¢°(0)}

Termination for PTRSs

[Bournez & Garnier 2005, Avanzini & Dal Lago & Yamada 2019, ...]

e R is terminating iff there is no infinite evaluation po =2r 1 2R - ..
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Theorem (AST with Polynomial Interpretation)
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Options for Dependency Tuples (B)

If € — {p1:n,...,px: rc}is arule, and Subp(r) = {tj1,...,t,;} for all
1 < j < k, then the dependency pair is:
(B): ¢ = {p1: Com(tffl, e tffil), cee Pk Com(tffl, ceey tffik)}
v
Rs: f(O) —{1:f(a)},
a — {1/2:b,1/2: c}
DT (Rs3): F(O) — {1:com(F(a),A)}
A — {Y2:B,12:C}
v
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Dependency Tuples for AST: Failed Attempt

Rs: f(O) —{1:f(a)},
a — {Y2:b,Y2:c}
DT (R3): F(O) — {1:com(F(a),A)}
A —{Y:B,1Y2:C}

Evaluation
00

{ 1:1(0)}
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Rs: f(O) —{1:f(a)},
a — {Y2:b,Y2:c}
DT (R3): F(O) — {1:com(F(a),A)}
A —{Y:B,1Y2:C}

Evaluation
00

{ 1:1(0)}
{ 1:f(a)}

i
=R,

17/30



Introduction (TRS) DP Framework Introduction (PTRS) Prob DP Framework
0000 00000000 oo} O@00000000000

Dependency Tuples for AST: Failed Attempt

Rs: f(O) —{1:f(a)},
a — {12:b,12:c}
DT (R3): F(O) — {1:com(F(a),A)}
A = {2:B,Y2:C}

Evaluation
00

| { 1:4(0)}
Sry o { 1f()
Sre A ()3 ()

17/30



Introduction (TRS) DP Framework Introduction (PTRS) Prob DP Framework Evaluation

vork
0000 00000000 oo} O@00000000000 (e]e]

Dependency Tuples for AST: Failed Attempt

Rs: f(O) —{1:f(a)},
a — {Y2:b,Y2:c}
DT (R3): F(O) — {1:com(F(a),A)}
A = {2:B,Y2:C}

| { 1:4(0)}

Sry o { 1:f()

Sy { Yaif(b), Y2 (0)
{ 1:FO)}
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Dependency Tuples for AST: Failed Attempt

Rs: f(O) —{1:f(a)},
a — {Y2:b,Y2:c}
DT(R3): F(O) — {1:Com(F(a),A)}
A = {2:B,Y2:C}

| { 1:4(0)}
Sry o { 1:f()
Sre {2 E(b) 3 (O)

| [ 1:F(O)}
Sp7(Rs) 1 1:Com(F(a),A)}
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Dependency Tuples for AST: Failed Attempt

Rs:

f(O) —{1:f(a)},
a — {Y2:b,Y2:c}

DT (R3): F(O) — {1:com(F(a),A)}
A

— {12:B,Y2:C}

i
TDT(R3)
=DT(Rs)

{ 1:1(0)}
{ 1:f(a)}
{ 2:1(b),Y/2: f(c)}

{ 1:FO)}
{ 1:cCom(F(a),A)}
{ 12:Com(F(a),B),%/2: Com(F(a),C)}
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a — {12:b,12:c}

DT (R3): F(O) — {1:com(F(a),A)}
A

— {Y2:B,Y2: C}

i
?DT(m)
TDT(R3)
:gRgg

{ 1:f(0)}
{ 1:f(a)}
{ Y2:f(b),Y2:f(c)}

{ 1:F(O)}

{ 1:cCom(F(a),A)}

{ 12:Com(F(a),B),%/2: Com(F(a),C)}
{ a: Com(F(b),B), /4 : Com(F(c), B),
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Dependency Tuples for AST: Failed Attempt

Rs:

f(O) —{1:f(a)},
a — {12:b,12:c}

DT(Rs): F(O) — {1:Com(F(a),A)}
A

— {Y2:B,Y2: C}

i
?DT(m)
TDT(R3)
:gRgg

{ 1:f(0)}
{ 1:f(a)}
{ Y2:f(b),Y2:f(c)}

1:F(O)}

1: Com(F(a),A)}

/> : Com(F(a), B), /2 : Com(F(a),C)}
/4 : Com(F(b), B),1/4 : Com(F(c), B),
/4 : Com(F(b), C), /s : Com(F(c), C)}

-
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Dependency Tuples for AST: Failed Attempt

Rs: f(O) —{1:f(a)},
a — {Y2:b,Y2:c}
DT (Rs3): F(O) — {1:cComn(F(a),A)}
A = {2:B,Y2:C}

{ 1:1/(0)}
SRs { 1:6(a)}
=R, { Y2:f(b),Y2:f(c)}

| { 1:FO))
=p7(Rs) { 1:Com(F(a),A)}

?DT(Ra) { 12:Com(F(a),B),%/2: Com(F(a),C)}
=R, { a: Com(F(b),B),1/4: Com(F(c), B),
/4 : Com(F(b), C), /s : Com(F(c), C)}

@ The red terms do not correspond to a term in the original rewrite sequence

@ One cannot simulate original rewrite sequences by chains
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Options for Dependency Tuples (C)

If € — {p1:r,....pk:r}isarule, and Subp(r;) = {t1;,...,t; ;} for
all 1 <j < k, then a dependency pair is:

(C): *,0) — {p1: (Com(tff17 e tffil), ), «o. s Pk (Com(tff17 e tif’.k), ey}

Rs: f(0) — {1:1(a)},
a — {Y2:b,1/2:c}
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If € — {p1:r,....pk:r}isarule, and Subp(r;) = {t1;,...,t; ;} for
all 1 <j < k, then a dependency pair is:

(C): *,0) — {p1: (Com(tff17 e, tffil), ), «o. s Pk (Com(t;jf17 ey tf’,.k), ey}
)
Rs : f(O) — {1:f(a)},
a — {Y2:b,1/2:c}

DT(R3): (F(O),f(0)) — {1:(Com(F(a),A),f(a))}
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Coupled Dependency Tuples: Sound

Subp(r) == {t | t is a subterm of r with defined root} - as multiset

Options for Dependency Tuples (C)

If € — {p1:r,....pk:r}isarule, and Subp(r;) = {t1;,...,t; ;} for
all 1 <j < k, then a dependency pair is:

(C): *,0) — {p1: (Com(tff17 e, tffil), ), «o. s Pk (Com(tff17 ey tif’.k), ey}
)
Ry - fO) = {l:f(a)},
a — {Y/2:b,1/2:c}

DT(R3): (F(O),f(O)) — {1:{(Com(F(a),A),f(a))}
(A, a) — {Y/2: (B,b),%/2: (C,c)}
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Coupled Dependency Tuples: Sound

Rs: f(O) — {1:f(a)},
a — {Y2:b,1/2: c}
DT(Rs): (F(0),f(0)) — {1:(Com(F(a),A),f(a))}
(Aa) = {1/2: (B,b), 12 (C,c)}

{ 1:5(0)}
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Coupled Dependency Tuples: Sound

Rs: f(O) — {1:f(a)},
a — {Y2:b,1/2: c}
DT(Rs): (F(0),f(0)) — {1:(Com(F(a),A),f(a))}
(Aa) = {1/2: (B,b), 12 (C,c)}

Evaluation
00

{1:
=R, { 1:f(a)}
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Coupled Dependency Tuples: Sound

Rs: f(O) — {1:f(a)},
a — {Y/2:b,1/2:c}
DT(Rs): (F(0),f(0)) — {1:(Com(F(a),A),f(a))}
(Aa) = {1/2: (B,b),1/2: (C,c)}

| (1:4(0)}
Ln o {1:6()
=R, { Y2:1(b),Y/2:f(c)}
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Coupled Dependency Tuples: Sound

Rs: f(O) — {1:f(a)},
a — {Y2:b,1/2: c}
DT(Rs): (F(0),f(0)) — {1:(Com(F(a),A),f(a))}
(Aa) - {1/2: (B,b), 12 (C,c)}

i { 1:1/(0)}

=Ry { 1:1(a)}

=R, { Y2:1(b),Y/2:f(c)}
. { 1:F(O)}
Zp7(Rs) 1 1:Com(F(a),A)}
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Coupled Dependency Tuples: Sound

Rs: f(O) — {1:f(a)},
a — {Y2:b,1/2: c}
DT(Rs): (F(0),f(0)) — {1:(Com(F(a),A),f(a))}
(A, a) — {Y2:(B,b),Y/2: (C,c)}

| (1:4(0)}
Ln {1:6()
=R, { Y2:1(b),Y/2:f(c)}
{ 1:F(O)}

—pr(ry { 1:Com(F(2), A)}
=pr(Rs) 1 Y2:Com(F(b),B),1/2: Com(F(c), C)}
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Probabilistic Chain

R : f(O) — {1:f(a)},
a — {Y2:b,%/2: c}
DT(Rs3): (F(O).f(O)) — {1:(Com(F(a),A),f(a))}
(A, 2) = {!/2:(B,b),72:(C, )}

(1: com(F(O)))

| (/2 : com(F(b),B)) | [ (/2 : com(F(c), C))|

Chain: On every path, we use a dependency pair after a finite number of steps.

(5D 0 >%)
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Probabilistic Chain

Rs: f(O) — {1:f(a)},
a — {Y2:b,%/2: c}
DT(Rs3): (F(O).f(O)) — {1:(Com(F(a),A),f(a))}
(A, 2) = {/2:(B,b),/2: (C, )}

(1: com(F(O)))

| (/2 : com(F(b),B)) | [ (/2 : com(F(c), C))|

Chain: On every path, we use a dependency pair after a finite number of steps.
(5D 0 %)

Theorem: Chain Criterion

R is innermost terminating if there is no infinite (DP(R), R)-chain
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Dependency Tuples for R,

Rdiv:
(1) m(x, 0)
(2)  m(s(x),s(y))
(3) d(0,s(y))
(4)  d(s(x),s(y))

{1:x}
{L:m(x,y)}
1:0

0}
{Y/2 2 d(s(x),s(¥)), ¥/2 = s(d(m(x, y),s()))}

L4l
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Dependency Tuples for R,

Raiv:
(1) m(x,0) — {1:x}
(2) m(s(x),s(y)) — A{Ll:m(x,y)}
(3) d(O0,s(y)) — {1:0}%
(4)  d(s(x),s(y)) — {Y2:d(s(x),s(y)), Y2 s(d(m(x,y),s(¥)))}
DT(1)= M(x,0) — { 1:Com}
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Dependency Tuples for R,

Raiv:
(1) m(x,0) — {1:x}
(2) m(s(x),s(y)) — A{L:m(x,y)}
(3) d(O0,s(y)) — {1:0}%
(4)  d(s(x),s(y)) — {Y2:d(s(x),s(y)), Y2 s(d(m(x,y),s(¥)))}
DT(1)= M(x,0) — { 1:Com}

DT(2)= M(s(x),s(y)) — { 1:M(x,y)}
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Dependency Tuples for R,

Rdiv:
(1) m(x,0) —
(2) m(s(x),s(y)) —
(3) d(O;s(y)) —
(4)  d(s(x)sy)) —

{1:x}
{L:m(x,y)}
1:0

{1:0}
{Y/2 2 d(s(x),s(¥)), ¥/2 = s(d(m(x, y),s()))}

DT(1)= M(x,0) — { 1:Com}
DT(2)= M(s(x);s(y)) — { 1:M(x,y)}

DT(3)= D(O,s(y)) — { 1:Com}

Introduction (PTRS) Prob DP Framework Evaluation
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Dependency Tuples for R,

Rdiv:
(1) m(x,0) — {1:x}
(2) m(s(x),s(y)) — {1:m(x,y)}
3) d(O,s(y)) — {1:0}
(4)  d(s(x),s(y)) =  {/2:d(s(x),s(x)), Y2 : s(d(m(x, y),s(y)))}
DT(1)= M(x,0) — { 1:Com}
DT(2)= M(s(x),s(y)) — { 1:M(x,y)}
DT(3)= D(O,s(y)) — { 1:Com}
DT(4)= D(s(x),s(y)) — { Y2:D(s(x),s(y))

Y2 : Com(D(m(x, y),s(y)), M(x,y))}
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@ Our objects we work with:
o DP Problems (P, S) with P a set of DTs and S a PTRS
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o (Chain Criterion) Use all rules and dependency rules: (DT (R),R)

@ How do we create smaller problems?:
o DP Processors: Proc(P,S) = {(P1,51),...,(Pr,Sk)}

if all (P, S;) are innermost AST,

o Procis sound: then (P, S) is innermost AST
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Dependency Pair Framework for Proving iAST of PTRS

@ Our objects we work with:
o DP Problems (P, S) with P a set of DTs and S a PTRS

@ How do we start?:

o (Chain Criterion) Use all rules and dependency rules: (DT (R),R)

@ How do we create smaller problems?:
o DP Processors: Proc(P,S) = {(P1,51),...,(Pr,Sk)}

e Proc is sound:

o Proc is complete:

if all (P, S;) are innermost AST,
then (P, S) is innermost AST

if (P,S) is innermost AST,
then all (P;, Si) are innermost AST
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Processors

@ Processors that reduce P:
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@ Processors that reduce P:
o Dependency Graph Processor

Procpg(P,S) = {(P1,S),...,(Pr,S)}

o Reduction Pair Processor

Procrp(P,S) = {(P\ P-,S)}

@ Processors that reduce S:
o Usable Rules Processor

Procur(P,S) = {(P,U(P,S))}

Evaluation
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Processors
@ Processors that reduce P:
o Dependency Graph Processor

ProcDg(P.,S) = {(7313) ey (Pk73)}

o Reduction Pair Processor

Procgp(P,S) = {(P\ P-,S)}

@ Processors that reduce S:
o Usable Rules Processor

Procur(P,S) = {(P,U(P,S))}
@ Processors that reduce the number of terms in rhs of P:
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Processors

@ Processors that reduce P:
o Dependency Graph Processor

ProcDg(P.,S) — {(731,5), ey (Pk75)}

o Reduction Pair Processor

Procgp(P,S) = {(P\ P-,S)}

@ Processors that reduce S:
o Usable Rules Processor

Procur(P,S) = {(P,U(P,S))}
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o Usable Terms Processor (new)

Procyr(P,S) = {(Tur(P,S),S)}
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Processors

@ Processors that reduce P:
o Dependency Graph Processor

ProcDg(P.,S) — {(7313) ey (Pk73)}

o Reduction Pair Processor

Procgp(P,S) = {(P\ P-,S)}

@ Processors that reduce S:
o Usable Rules Processor

Procyr(P,S) = {(P,U(P,S))}

@ Processors that reduce the number of terms in rhs of P:
o Usable Terms Processor (new)

Procyr(P,S) = {(Tur(P,S),S)}

@ Processors that completely transforms (P, S):
o Probability Removal Processor (new)

Procpr(P,S) = {(D,R)}
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Probability Removal Processor (sound & complete)
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If

o all rules in S have the form £ — {1: r}
o all rules in P have the form (# — {1: Com(tf,..., t#)}

then (P,S) is innermost AST
< (np(P),np(S)) is innermost terminating

d(s(x),s(y)) = {1 : s(d(m(x,y),s(y)))} €S

D(s(x),s(y)) = {1: Com(D(m(x, y),s(y)), M(x,y))} € P
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< (np(P),np(S)) is innermost terminating

d(s(x),s(y)) = {1 : s(d(m(x,y),s(y)))} €S
~ d(s(x),s(y)) = s(d(m(x, y),s(x))) € np(S)

D(s(x),5(1)) — {1 : Com(D(m(x,y),5(y)): M(x, y)} € P
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~ {D<s(x>,s(y)) S M(x.y) € ne(P)
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Use the already existing framework
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Probability Removal Processor (sound & complete)

If

o all rules in S have the form £ — {1: r}
o all rules in P have the form (# — {1: Com(tf,..., t#)}

then (P,S) is innermost AST
< (np(P),np(S)) is innermost terminating

d(s(x),s(y)) = {1 : s(d(m(x,y),s(y)))} €S
~ d(s(x),s(y)) = s(d(m(x, y),s(x))) € np(S)

D(s(x),5(1)) — {1 : Com(D(m(x,y),5(y)): M(x, y)} € P
D(s(x),5(»)) — D(m(x, ), 5(»))
~ {D<s(x>,s(y)) S M(x.y) € ne(P)

Use the already existing framework

@ (currently) more processors
@ specialized for non-probabilistic TRS
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Dependency Graph Processor (sound & complete)

1 M(x, © 1: Com
(@ mbx Q)= {1:x} 2) M0 500) > £ 1 W )
(b) m(s(). 5(1)) — {11 m(x, )} e e S
() AO.s)) = {1: O} . (#) D(s(x), (1)) — { 1/2 : D(s(x), s(¥)),
(@) 4002 5()) — {1/2 1 d(s(x), s(0)), /2 & s(d(m(x, y), s())} TR o TNV
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Dependency Graph Processor (sound & complete)

1 M(x, O 1: Com
@  mx, O) = {1:x} 8 M(s(x)(, 5(y)§ = % 1: M(x}, "}
(B) m(s(x). 5()) — {1: m(x, 1)} (3) D(O,s(y)) — {1:cCom}
(@ d(O,sly) = {1: O} (#) D(s(x), s(») — { 1/2: D(s(x), s(»)),
(d) dls(x)ss(v)) = {1/2 : d(s(x). s(x)), 1/2 : s(d(m(x, v), s} 1/2 : Com(D(m(x, y), s(y)), M(x, y))}

Procpe(P,8) = {(P1.5)..... (Pk. )}

where Py, ..., Py are the SCCs of
the (P, S)-dependency graph
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Dependency Graph Processor (sound & complete)

1 M(x, O 1: Com
@  mx, O) = {1:x} 8 M(s(x)(, 5(y)§ = % 1 M(x}, "}
(B) m(s(x). 5()) — {1: m(x, 1)} (3) D(O,s(y)) — {1:cCom}
(@ d(O,sly) = {1: O} (#) D(s(x), s(») — { 1/2: D(s(x), s(»)),
(d) d(s(x): s()) — {1/2 = d(s(x). (1)), /2 : s(d(m(x, y), s())} 172 + Gon(D(m(x, ¥), s()), M(x, y))}

Procog(P.8) = {(P1,S)..., (Pi, S)}

where Py, ..., Py are the SCCs of
the (P, S)-dependency graph

(P, S)-Dependency Graph
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Dependency Graph Processor (sound & complete)

(@  m(x,0) = {1:x}

(B) m(s(x). 5()) — {1: m(x, 1)}
(e)  d(O,s(y)) — {1

(d) d(s(x), s(y)) = {

PrOCDG(P S) —{(771 )....,(Pk,

where Py, ..., Py are the SCCs of
the (P, S)-dependency graph

(P, S)-Dependency Graph

{1: 0}
172 d(s(x), s(¥))> 1/2 = s(d(m(x, y) s())}

(1) M(x, ©) — { 1: Com}
(2) M(s(x), s(y)) = { 1: M(x, y)}
(3) D(O,s(y)) — {1:Com}
(4) D(s(x), s(y)) = { 1/2: D(s(x), s(x)),
1/2 : Com(D(m(x, y), s(y)), M(x, ¥)) }

(DP(Radiv), Raiv)-Dependency Graph:

@ directed graph whose nodes are the dependency tuples from P
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Dependency Graph Processor (sound & complete)

(@  m(x,0) = {1:x}

(B) m(s(x). 5()) — {1: m(x, 1)}
(e)  d(O,s(y)) — {1

(d) d(s(x), s(y)) = {

PrOCDG(P S) — {(771 )....,(Pk,

where Py, ..., Py are the SCCs of
the (P, S)-dependency graph

(P, S)-Dependency Graph

{1: 0}
172 d(s(x), s(¥))> 1/2 = s(d(m(x, y) s())}

(1) M(x, ©) — { 1:Com}
(2) M(s(x), s(y)) = { 1: M(x, y)}
(3) D(O,s(y)) — {1:Com}
(4) D(s(x), s(y)) = { 1/2: D(s(x), s(x)),
1/2 : Com(D(m(x, y), s(y)), M(x, ¥)) }

(DP(Radiv), Raiv)-Dependency Graph:

@ directed graph whose nodes are the dependency tuples from P
. iff there is
t € A; for some j and substitutions o1, o2 such that to; —'),fp(s) Vo2

@ there is an arc from s — {p1 : Ag,...

,pk:Ak}tOV—>..
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Dependency Graph Processor (sound & complete)

(@  m(x,0) = {1:x}

(B) m(s(x). 5()) — {1: m(x, 1)}
(e)  d(O,s(y)) — {1

(d) d(s(x), s(y)) = {

PrOCDG(P S) — {(771 )....,(Pk,

where Py, ..., Py are the SCCs of
the (P, S)-dependency graph

(P, S)-Dependency Graph

{1: 0}
172 d(s(x), s(¥))> 1/2 = s(d(m(x, y) s())}

(1) M(x, ©) — { 1: Com}
(2) M(s(x); s(y)) = { 1: M(x, y)}
(3) D(O,s(y)) — {1:Com}
(4) D(s(x), s(y)) = { 1/2: D(s(x), s(x)),
1/2 : Com(D(m(x, y), s(y)), M(x, ¥)) }

(DP(Radiv), Raiv)-Dependency Graph:

@ directed graph whose nodes are the dependency tuples from P

@ there is an arc from s — {p:

ZA1,...

, Pk 2 A} to v — ... iff there is

t € A; for some j and substitutions o1, 02 such that to; —'),fp(s) Vo2
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Dependency Graph Processor (sound & complete)

(@  m(x,0) = {1:x}

(B) m(s(x). 5()) — {1: m(x, 1)}
(e)  d(O,s(y)) — {1

(d) d(s(x), s(y)) = {

PrOCDG(P S) — {(771 )....,(Pk,

where Py, ..., Py are the SCCs of
the (P, S)-dependency graph

(P, S)-Dependency Graph

{1: 0}
172 d(s(x), s(¥))> 1/2 = s(d(m(x, y) s())}

(1) M(x, ©) — { 1: Com}
(2) M(s(x), s(y)) = { 1: M(x, y)}
(3) D(O,s(y)) — { 1:Com}
(4) D(s(x), s(y)) = { 1/2: D(s(x), s(x)),
1/2 : Com(D(m(x, y), s(y)), M(x, ¥)) }

(DP(Radiv), Raiv)-Dependency Graph:

@ directed graph whose nodes are the dependency tuples from P

@ there is an arc from s — {p:

ZA1,...

, Pk 2 A} to v — ... iff there is

t € A; for some j and substitutions o1, 02 such that to; —'),fp(s) Vo2
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Dependency Graph Processor (sound & complete)

(a) m(x, O) = {1:x}

(B) m(s(x). 5()) — {1: m(x, 1)}
(e)  d(O,s(y)) — {1

(d) d(s(x), s(y)) = {

PrOCDG(P S) — {(771 )....,(Pk,

where Py, ..., Py are the SCCs of
the (P, S)-dependency graph

(P, S)-Dependency Graph

{1: 0}
172 d(s(x), s(¥))> 1/2 = s(d(m(x, y) s())}

(1) M(x, ©) — { 1: Com}
(2) M(s(x), s(y)) = { 1: M(x, y)}
(3) D(O,s(y)) — {1:Com}
(4) D(s(x), s(y)) = { 1/2: D(s(x), s(v)),
1/2 : Com(D(m(x, ), s(y)), M(x, ¥)) }

(DP(Radiv), Raiv)-Dependency Graph:

@ directed graph whose nodes are the dependency tuples from P
. iff there is
t € A; for some j and substitutions o1, o2 such that to; —'),fp(s) Vo2

@ there is an arc from s — {p1 : Ag,...

,pk:Ak}tOV—>..
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Dependency Graph Processor (sound & complete)

1 M(x, O 1: Com
@  mx, O) = {1:x} ﬁzg M(s(x)(, sm; = % 1:M( },m
(b) m(s(x). 5(y)) — {1 m(x, )} (3) D(O,s(y)) — {1:Con}
() d(O.sy) = {1: O} _ (4) D(s(x), 5(v)) = { 1/2: D(s(x), s(v)),
(d) d(s(x), s(v)) = {1/2: d(s(x), s(x)), 1/2 - s(d(m(x, y), s(x))} U2 - Gon(D(mler ), 5()), MGx, 1))}

(DP(Radiv), Raiv)-Dependency Graph:

Procpe(DT (Rdiv), Raiv)

= {{®@)}Raw), {(4)}, Ra)}

(P, S)-Dependency Graph

@ directed graph whose nodes are the dependency tuples from P

@ there is an arc from s — {p1 : A1, ..., px : Ac} to v — ... iff there is
t € A; for some j and substitutions o1, 02 such that to; —'),*m(s) Vo2
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Usable Terms Processor (sound & complete)

1 M(x, © 1: Com
(@ mbx Q)= {1:x} 2) M0 500) > £ 1 W )
(b) m(s(). 5(1)) — {11 m(x, )} e e S
() AO.s)) = {1: O} . (#) D(s(x), (1)) — { 1/2 : D(s(x), s(¥)),
(@) 4002 5()) — {1/2 1 d(s(x), s(0)), /2 & s(d(m(x, y), s())} TR o TNV
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Usable Terms Processor (sound & complete)

) (1) M(x,0) = {1:Con}
(a) m(x, O) — {1:x X
(b) m(s(x). 5(y)) — {1 m(x, )} VS oy T L
() AO.s)) = {1: O} . (#) D(s(x), (1)) — { 1/2 : D(s(x), s(¥)),
(@) 42 s()) — {1/2 : d(s(). 5(1)). 1/2 ¢ s(d(m(x, ¥)., s(¥))} ) M)}

Procyr(P,S) = {(Tur(P,S),S)}
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Usable Terms Processor (sound & complete)

) 1) M(x, ©) — { 1:Com}
@  mx, O) = {1:x} (2) M), 50)) = {1+ Mx, )}
(B) m(s(x). 5(v)) — { smx, y)} (3) D(O,s(y)) — {1:cCom}
() d(O,sly) = {1 (4) D(s(x), s()) — { 1/2 : D(s(x), 5(y)),
(&) dlsr, 20 = 1172 s s, 172 - (eimie, ), SO} 172 + Gon(D(m(x, ¥), s()), M(x, y))}

Procyr(P.S) = {(Tur(P.S),S)}

@ dependency graph on the level of the compound symbols inside the rules

o fors — {p1: A1,...,px: Ac} € P aterm t € A; for some j is usable iff
there exists v — ... € P and substitutions o1, 02 such that

i
tor an(S) Voo
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Usable Terms Processor (sound & complete)

) 1) M(x, ©) — { 1:Com}
@  mx, O) = {1:x} (2) M), 50)) = {1+ Mx, )}
(B) m(s(x). 5(v)) — { smx, y)} (3) D(O,s(y)) — {1:cCom}
() d(O,sly) = {1 (4) D(s(x), s()) — { 1/2 : D(s(x), 5(y)),
(&) dlsr, 20 = 1172 s s, 172 - (eimie, ), SO} 172 + Gon(D(m(x, ¥), s()), M(x, y))}

Procyr(P.S) = {(Tur(P.S),S)}

Procyt({(4)}, Raiv)

@ dependency graph on the level of the compound symbols inside the rules

o fors — {p1: Ai,...,px: Ac} € P aterm t € A; for some j is usable iff
there exists v — ... € P and substitutions o1, 02 such that

i
tor an(S) Voo
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Usable Terms Processor (sound & complete)

(a) m(x, O) — {1:x}

s it

c ,s(y)) — : .

(d) d(s0): s)) = {1/2 1 d(s(x), s))s /2 s s(d(m(x, y), sy} (B PECDs0) = L1725 DG, (1)),

1/2 : Com(D(m(x, y), s(y)), M(x, y)) }

Procyr(P.S) = {(Tur(P.S),S)}

Procyt({(4)}, Raiv)
with

(4) D(s(x),s(y)) — { *2:D(s(x),s(x))
Y2 : Com(D(m(x, y),s(y)), M(x,y))}

@ dependency graph on the level of the compound symbols inside the rules

o fors — {p1: Ai,...,px: Ac} € P aterm t € A; for some j is usable iff
there exists v — ... € P and substitutions o1, 02 such that

i
tor ‘>np(8) Voo
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Procyt({(4)}, Raiv)
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@ dependency graph on the level of the compound symbols inside the rules
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there exists v — ... € P and substitutions o1, 02 such that

i
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Usable Terms Processor (sound & complete)

(a) m(x, O) — {1:x}

s it

c ,s(y)) — : .

(d) d(s0): s)) = {1/2 1 d(s(x), s))s /2 s s(d(m(x, y), sy} (B PECDs0) = L1725 DG, (1)),

Procyr(P.S) = {(Tur(P.S),S)}

Procyt({(4)}, Raiv)
with

(#) D(s(x),s(v)) — { %2:D(s(x),s(x))
Y/2: Com(D(m(x, y),s(y)))}

@ dependency graph on the level of the compound symbols inside the rules

o fors — {p1: Ai,...,px: Ac} € P aterm t € A; for some j is usable iff
there exists v — ... € P and substitutions o1, 02 such that

i
tor ‘>np(8) Voo

1/2 : Com(D(m(x, y), s(y)), M(x, y)) }
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Usable Terms Processor (sound & complete)

(a) m(x, O) — {1:x}

s it

c ,s(y)) — : .

(d) d(s0): s)) = {1/2 1 d(s(x), s))s /2 s s(d(m(x, y), sy} (B PECDs0) = L1725 DG, (1)),

Procyr(P.S) = {(Tur(P.S),S)}

Procyr({(4)}, Rai) = {({(4")}, Raw)}

with

(#) D(s(x),s(v)) — { %2:D(s(x),s(x))
Y/2: Com(D(m(x, y),s(y)))}

@ dependency graph on the level of the compound symbols inside the rules

o fors — {p1: Ai,...,px: Ac} € P aterm t € A; for some j is usable iff
there exists v — ... € P and substitutions o1, 02 such that

i
tor ‘>np(8) Voo

1/2 : Com(D(m(x, y), s(y)), M(x, y)) }
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Usable Rules Processor (Sound)

a)  m(x,0)
(b) m(s(x). 5(»))
(e)  d(O,s(y))
(d) d(s(x), s(v))

1:x}
1:m(x,y)}
1: 0

Lid l

1/2 1 d(s(x), s()), 1/2 : s(d(m(x, y

Prob DP Framework
0000000000800

1/2 : Com(D(m(x

1/2 : D(s(x), s(¥)),
2 Y)s

s(v))

Evaluation

)}
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Introduction (PTRS)
0000000000800

DP Framework
oo}

Introduction (TRS)
00000000

0000

Usable Rules Processor (Sound)

(1) M(x, ©) — { 1: Com}
(2) M(s(x), s()) = { 1: M(x, )}
523 ((fs(yﬁ:ﬁ }(,m (3) D(O,s(y)) — {1 Con}
() (0, s(y)) — {1: (4') D(s(x), s(v)) — { 1/2: D(s(x), s(y)),
(d) d(s(x), s(y)) — {172 : d( (x); (), 1/2 + s(d(m(x, v), s() 1/2 + Com(D(m(x, y), s(y

PrOCUR(P, S) = {(P7Z/[(P S))}

26/30
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Usable Rules Processor (Sound)
(1) M(x, ©) — { 1: Com}
m(x, © 1:x (2) M(s(x), s(y)) = { 1: M(x, y)}
§Z§ m(s(x)(, s(y); : %1 : m}(x,y)} (}) D(O,s(y)) = { 1:Com}
() d(O,s(y)) = {1:0 (4") D(s(x), s(y)) = { 1/2: D(s(x), s(v)),
(d) d(s(x), s(y)) — {1/2 : d(s(x), s(¥)), 1/2 : s(d(m(x, ¥), s(¥)))} 1/2 : Com(D(m(x, y), s(y))}

PrOCUR(p, 5) — {(PM(P S))}

Usable Rules (P, S)

@ All rules of S that can be used to evaluate a right-hand side of P,
regardless of the probabilities

26/30
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Usable Rules Processor (Sound)
(1) M(x, ©) — { 1: Com}
m(x, © 1:x (2) M(s(x), s(y)) = { 1: M(x, y)}
§Z§ m(s(x)(, s(y); : %1 : m}(x,y)} (}) D(O,s(y)) = { 1:Com}
() d(O,s(y)) = {1:0 (4") D(s(x), s(y)) = { 1/2: D(s(x), s(v)),
(d) d(s(x), s(y)) — {1/2 : d(s(x), s(¥)), 1/2 : s(d(m(x, ¥), s(¥)))} 1/2 : Com(D(m(x, y), s(y))}

Procur(P,S) = {(P,U(P,S))}
PI‘OCUR({(2)}, Rdiv)

Procur({(4")}, Raw)

Usable Rules (P, S)

@ All rules of S that can be used to evaluate a right-hand side of P,
regardless of the probabilities
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Usable Rules Processor (Sound)

(1) M(x, ©) — { 1: Com}
m(x, © 1:x (2) M(s(x),s(y)) — { 1:M(x,y)}
§Z§ m(s(x)(, s(y); : %1 : m}(x,y)} (}) D(O,s(y)) — { 1: Com}
() d(O,s(y)) = {1:0 (4") D(s(x), s(y)) = { 1/2: D(s(x), s(v)),
(d) d(s(x), s(y)) — {1/2 : d(s(x), s(¥)), 1/2 : s(d(m(x, ¥), s(¥)))} 1/2 : Com(D(m(x, y), s(y))}

Procyr(P,S) = {(P,U(P,S))} Usable Rules:
PrOCUR({(2)},Rd,-V) u({(2)}7Rdiv)
Procur({(4")}, Rai)

Usable Rules (P, S)

@ All rules of S that can be used to evaluate a right-hand side of P,
regardless of the probabilities
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Usable Rules Processor (Sound)

(1) M(x, ©) — { 1: Com}
m(x, © 1:x (2) M(s(x),s(y)) — { 1:M(x,y)}
§Z§ m(s(x)(, s(y); : %1 : m}(x,y)} (}) D(O,s(y)) — { 1: Com}
() d(O,s(y)) = {1:0 (4") D(s(x), s(y)) = { 1/2: D(s(x), s(v)),
(d) d(s(x), s(y)) — {1/2 : d(s(x), s(¥)), 1/2 : s(d(m(x, ¥), s(¥)))} 1/2 : Com(D(m(x, y), s(y))}

Procur(P,S) = {(P,U(P,S))} Usable Rules:
Procur({(2)}, Raiv) U({(2)}, Rav) =@
Procur({(4")}, Raw)

Usable Rules U(P, S)

@ All rules of S that can be used to evaluate a right-hand side of P,
regardless of the probabilities
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Usable Rules Processor (Sound)
(1) M(x, ©) — { 1: Com}
m(x s x (2) M(s(x), s(y)) = { 1: M(x, y)}

§Z§ m(s(x)(, ;()(/9); 3 E : m}(x,y)} (3) D(O,s() = {1:con}

(c) d(O,s(y)) - {1: 0O (4") D(s(x), s(y)) = { 1/2: D(s(x), s(y)),

(d) d(s(x), s(y)) — {1/2 : d(s(x), s(¥)), 1/2 : s(d(m(x, ¥), s(¥)))} 1/2 : Com(D(m(x, y), s(y))}
Procyr(P,S) = {(P,U(P,S))} Usable Rules:
PrOCUR({(2)}7 Rdiv) u({(2)}, Rdiv) =g
Procur({(4")}, Rai) U{(4)}, Rai)

Usable Rules (P, S)

@ All rules of S that can be used to evaluate a right-hand side of P,
regardless of the probabilities
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Usable Rules Processor (Sound)

(a)  m(x,0) - {1:x}

(b) m(s(x), s(y)) = {1:m(x,y)}

(c) d(O,s(y)) - {1: 0O

(d) d(s(x), s(y)) — {1
Procur(P,S) = {(P,U(P,S))}
Procur({(2)}, Raiv)

Procur({(4")}, Raw)

Usable Rules (P, S)

/2 d(s(x), s(»)), 1/2 : s(d(m(x, y

Prob DP Framework
0000000000800

1/2 : D(s(x), s(¥)),
1/2 = Com(D(m(x, y), s(¥)))}

Usable Rules:

U{(2)}, Raw) = 2

U4} Raw) = {(a), (b)}

@ All rules of S that can be used to evaluate a right-hand side of P,

regardless of the probabilities
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Usable Rules Processor (Sound)

E;; M(s(x), s( ); = § 1:M(x, y)}

m(x DX s(x), s(y)) — X,y

EZ; m(s(x)(, ;()(/9); Z E : m}(x,y)} (3) D(O,s(y)) = {1:Con}

() d(O,s(y)) = {1: 0 (47) D(s(x), s(y)) = { 1/2: D(s(x), s(y)),

(d) d(s(x), s(y)) = {1/2 : d(s(x), s(v)), 1/2 : s(d(m(x; y), s(y)))} 1/2 : con(D(m(x, y), s(¥)))}
Procyr(P,S) = {(P,U(P,S))} Usable Rules:
Procur({(2)}, Raw) = {({(2)}, 2)} U2}, Ran) = &

Procur({(4)}, Raw) = {({(4)}.{(a), (b)})} U{(4)}, Rav) = {(a), (b)}

Usable Rules U(P, S)

@ All rules of S that can be used to evaluate a right-hand side of P,
regardless of the probabilities

26/30
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Reduction Pair Processor (sound & complete)

(1) M(x, ©) — { 1: Com}
1ix (2) M(s(x), 5(y)) = { 1: M(x, )}
EZ; m(s(x >( s<y)§ 2 %1 : m}(x,m () D(O,s(y)) = {1:Con}
() dO,s(y) = {1: 0 (#') D(s(x), s(y)) = { 1/2: D(s(x), s(y
(d) d(s(x), s(y)) = {1/2 1 d(s(x), 5(v)), 1/2 = s(d(m(x, ), s(v))} 1/2 : Com(D(m(x

)

)

¥)s

s(»))

¥

Evaluation
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Reduction Pair Processor (sound & complete)

(1) M(x, ©) — { 1: Com}
m(x, © 1:x (2) M(s(x), s(y)) = { 1: M(x, y)}
EZ; m(s(x)(, s(y); : %1 : m}(x,y)} (}) D(O,s(y)) = { 1:Com}
() d(O,s(y)) = {1:0 (4") D(s(x), s(y)) = { 1/2: D(s(x), s(v)),
(d) d(s(x), s(y)) — {1/2 : d(s(x), s(¥)), 1/2 : s(d(m(x, ¥), s(¥)))} 1/2 : Com(D(m(x, y), s(y))}

Procrp(P,S) = {(P\ P-,S)}
Find weakly-monotonic, multilinear, natural polynomial interpretation Pol such
that

Evaluation

27/30
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Fram Introduction (PTRS) Prob DP Framework
[e]e) 0000000000080
Reduction Pair Processor (sound & complete)
(1) M(x, ©) — { 1: Com}
m(x, © 1:ix (2) M(s(x), s()) = { 1: M(x, )}
fZ; m(s(xf, s<y>§ = %1 : m}(x,m () D(O,s(y)) = {1:con}
() d(O,s(y)) — {1: o} (47) D(s(x), s(y)) = { 1/2: D(s(x), s(y)),
(d) d(s(x), s()) — {1/2 : d(s(x), s()), 1/2 : s(d(m(x; v), s(y) } 1/2 = Com(D(m(x, ), s())}

Procrp(P,S) = {(P\ P-,S)}

Find weakly-monotonic, multilinear, natural polynomial interpretation Pol such
that

@ Forall »pu={p1:n,...,px:r} in S:
Pol(€) > E(u) = > pj- Pol(r)

1<j<k

E

uation
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Reduction Pair Processor (sound & complete)

(1) M(x, ©) — { 1: Com}
m(x, ) & {1:x @) M), 5() — { 1+ M0 )}
{5y ms(my 40 = 11 s ) (3) D(O.s(y)) — { 1: con}
(© 4(O)s() = {1:0 (@) D0, s(1) = { 12 D00, ),
(@) 4(s(),5() — {172 dls(x), s)), /2 £ s(emCx, ), s} 172 con(D(m(x, ), sy))}

Procgp(P,S) = {(P\ P-,S)}

Find weakly-monotonic, multilinear, natural polynomial interpretation Pol such
that

@ Forall »pu={p1:n,...,px:r} in S:
Pol(€) > E(u) = > pj- Pol(r)

1<j<k
@ Forall (¢#,0) = p={p1: (A1, n),--, Pk : (A, rx)} in P

Pol(£#) > E(u) = Z p; - Pol(A))
1<j<k

27/30
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Reduction Pair Processor (sound & complete)

(1) M(x, ©) — { 1: Com}
m(x, ) & {1:x @) M), 5() — { 1+ M0 )}
{5y ms(my 40 = 11 s ) (3) D(O.s(y)) — { 1: con}
(© 4(O)s() = {1:0 (@) D0, s(1) = { 12 D00, ),
(@) 4(s(),5() — {172 dls(x), s)), /2 £ s(emCx, ), s} 172 con(D(m(x, ), sy))}

Procrp(P,S) = {(P\ P-,S)}
Find weakly-monotonic, multilinear, natural polynomial interpretation Pol such
that

@ Forall »pu={p1:n,...,px:r} in S:
Pol(€) > E(u) = > pj- Pol(r)
1<j<k
@ Forall (¢#,0) = p={p1: (A1, n),--, Pk : (A, rx)} in P
Pol(£#) > E(u) = Z p; - Pol(A))
1<j<k
@ For all (¢#,¢0) — {p1 : (A1,11),-.., Pk : (A, rk)} in Pw there is a j with
Pol(£#) > Pol(A;)
If¢—{p1:rn,...,px: rc} is in S, then we additionally require
Pol(£) > Pol(r;)
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Reduction Pair Processor (sound & complete)

(a) m(x, O) — {1:x}
(b) m(s(x), s(y)) = {1:m(x, »)}

(#") D(s(x), s(y)) = { 1/2: D(s(x), s(v)),
1/2 : Com(D(m(x, y), s(y)))}

({40} {(a), (b)}) :

27/30
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Reduction Pair Processor (sound & complete)

(a) m(x, O) — {1:x}
(b) m(s(x), s(y)) = {1:m(x, »)}

(#") D(s(x), s(y)) = { 1/2: D(s(x), s(v)),
1/2 : Com(D(m(x, y), s(y)))}

({40} {(a), (b)}) :

Opyy = 0
spoi(x) = x+1

mPo/(X,}/) = X

Dra(x,y) = x

27/30
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Reduction Pair Processor (sound & complete)

(a) Pol(m(x, ©)) > 1/2 - Pol(m(x, ©)) + 1/2 - Pol(x)
(b) Pol(m(s(x), s(y))) = 1/2 - Pol(m(s(x), s(y))) + 1/2 - Pol(m(x, y))

(4") Pol(D(s(x), s(y))) = 1/2 - Pol(D(s(x), s(y))) +
1/2 - Pol(D(m(x, y), s(y)))

({40} {(a), (b)}) :

Opo = 0
spoi(x) = x+1

mPo/(X,}/) = X

Dra(x,y) = x

27/30
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Reduction Pair Processor (sound & complete)

(a) x> 1/2-x+1/2 - x
(b) x+1>1/2-(x+1)+1/2-x ) Xt1> Y2 i1+
1/2 - x
({(4)}.{(a), (b)}) :
Opy = 0
spoi(x) = x+1
mPoI(Xv}/) = X
Dra(x,y) = x

27/30
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Reduction Pair Processor (sound & complete)

(a) x> x
(b) x+1> x+1/2
4" x+1> x+1/2
({(4)}.{(a), (b)}) :
Opo = 0
spai(x) = x+1
mpo(X,y) = x

Dpo(x,y) = x

27/30
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Reduction Pair Processor (sound & complete)

(a) x> x
(b) x+1>x+1/2

({(4)},{(a), (b)}) :

Opo
spol(X)
Mpor(X, )
Dpor(x,y)

and

4" x+1> x+1/2

x+1

Pol(D(s(x),s(y))) = x +1 > x = Pol(D(m(x, y),s(y)))

27/30
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Reduction Pair Processor (sound & complete)

(3 x> x
(b) x+1>x+1/2
4" +1> x+1/2
({40} {(a), (p)}) :
Opyy = 0
spai(x) = x+1
mPo/(X,}/) = X
Dpo(x,y) = x

and

Pol(D(s(x),s(y))) = x +1 > x = Pol(D(m(x, y),s(y)))

Procrp({(4')},{(a), (b)}) = {(2.{(a), (B)})}

27/30
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Final Innermost Almost-Sure Termination Proof

(DT (Raiv), Raiv)

({2} Raw) ({(4)}, Raw)
({2}, 2) ({(4)}, Raiv)
(9,9) (@)} {(a), (p)})

=> Innermost almost-sure termination
iAST

is proved automatically!
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Implementation and Experiments

@ Fully implemented in AProVE
@ Evaluated on 67 benchmarks (61 iAST / 59 AST)

AProVE | DPs | Direct Polo | NaTT2
iAST 53 51 27 22
AST 27 - 27 22

Evaluation

[ ]e]

Probabilistic Quicksort:

rotate(cons(x, xs)) —{1/2 : cons(x, xs), }/2 : rotate(app(xs, cons(x, nil)))}
gs(nil) = {1 : nil}
gs(cons(x, xs)) —{1 : gsHelp(rotate(cons(x, xs)))}
gsHelp(cons(x, xs)) — {1 : app(gs(low(x, xs)), cons(x, gs(high(x, xs))))}
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Conclusion

1. Direct application of polynomials for AST of probabilistic TRSs

e Pol(t) > Pol(rj) for some 1 < j <k
@ Pol(€) > E(u) =p1- Pol(rn)+ ...+ px - Pol(rk)
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