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@ 2006: Problem #106 of the RTA list of open problems:

“Can we use the dependency pair method
to prove relative termination?"
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[Kassing & Giesl 2023, Kassing & Dollase & Giesl 2024]

7/18



Dependency Pairs
000e00

Timeline

@ 2024: Annotated Dependency Pairs for Relative Termination

7/18



Introduction (TRS) Dependency Pairs Relative Dependency Pairs Relative DP Framework Evaluation
(oo} 0000e0 (oo} 00000 (e]e]

Dependency Pairs for Relative Termination

Goal: DP approach better than DP(R U B)/R U B (Termination of R U B) J

8/18



Introduction (TRS) Dependency Pairs Relative Dependency Pairs Relative DP Framework Evaluation
[e]e] 0000e0 [e]e] 00000 [e]e)

Dependency Pairs for Relative Termination

Goal: DP approach better than DP(R U B)/R U B (Termination of R U B) J

Sufficient to analyze DP(R)/R U B?

8/18



Introduction (TRS) Dependency Pairs Relative Dependency Pairs Relative DP Framework Evaluation
0000e0 (oo} 00000 (e]e]

Dependency Pairs for Relative Termination

Goal: DP approach better than DP(R U B)/R U B (Termination of R U B) )

Sufficient to analyze DP(R)/R U B?

Ri: a—>b Bu: b—a J

8/18



Introduction (TRS) Dependency Pairs Relative Dependency Pairs Relative DP Framework Evaluation
(oo} 0000e0 (oo} 00000 (e]e]

Dependency Pairs for Relative Termination

Goal: DP approach better than DP(R U B)/R U B (Termination of R U B) J

Sufficient to analyze DP(R)/R U B?

Ri: a—>b Bu: b—a J

A — R b —B; A PRy .-
4 12 14 1

8/18



Introduction (TRS) Dependency Pairs Relative Dependency Pairs Relative DP Framework Evaluation
0000e0 (oo} 00000 (e]e]

Dependency Pairs for Relative Termination

Goal: DP approach better than DP(R U B)/R U B (Termination of R U B) )

Sufficient to analyze DP(R)/R U B?

Ri: a—b Bu: b—a J

a— R lg —B; A PRy .-
1 14 1

8/18



Introduction (TRS) Dependency Pairs Relative Dependency Pairs Relative DP Framework Evaluation
0000e0 (oo} 00000 (e]e]

Dependency Pairs for Relative Termination

Goal: DP approach better than DP(R U B)/R U B (Termination of R U B) )

Sufficient to analyze DP(R)/R U B?

Ri: a—>b Bu: b—a J

a—Rr, b—p a—r, ...
a 1 1 1

8/18



Introduction (TRS) Dependency Pairs Relative Dependency Pairs Relative DP Framework Evaluation
0000e0 (oo} 00000 (e]e]

Dependency Pairs for Relative Termination

Goal: DP approach better than DP(R U B)/R U B (Termination of R U B) )

Sufficient to analyze DP(R)/R U B?

Ri: a—b Bu: b—a J

a—r, b—p a—r, ...
< 1 = 1 1

8/18



Introduction (TRS) Dependency Pairs Relative Dependency Pairs Relative DP Framework Evaluation
(oo} 0000e0 (oo} 00000 (e]e]

Dependency Pairs for Relative Termination

Goal: DP approach better than DP(R U B)/R U B (Termination of R U B) J

Sufficient to analyze DP(R)/R U B?

Ri: a—>b Bu: b—a J

A — R b —B; A PRy .-
4 12 14 1

R1/B1 not terminating

8/18



Introduction (TRS) Dependency Pairs Relative Dependency Pairs Relative DP Framework Evaluation
(oo} 0000e0 (oo} 00000 (e]e]

Dependency Pairs for Relative Termination

Goal: DP approach better than DP(R U B)/R U B (Termination of R U B) J

Sufficient to analyze DP(R)/R U B?

Ri: a—>b Bu: b—a J

§_>R1l_)_>51 a— Ry .-
R1/Bi1 not terminating, but DP(R1)/R1 U By terminating (DP(R1) = @)

8/18



Introduction (TRS) Dependency Pairs Relative Dependency Pairs Relative DP Framework Evaluation
0000e0 (oo} 00000 (e]e]

Dependency Pairs for Relative Termination

Goal: DP approach better than DP(R U B)/R U B (Termination of R U B) )

Sufficient to analyze DP(R)/R U B?

Ri: a—>b Bu: b—a J

§_>R1l_)_>51 a— Ry .-
R1/Bi1 not terminating, but DP(R1)/R1 U By terminating (DP(R1) = @)

Ro: a—b Bo: f — d(a,f) J

8/18



Introduction (TRS) Dependency Pairs Relative Dependency Pairs Relative DP Framework Evaluation
(oo} 0000e0 (oo} 00000 (e]e]

Dependency Pairs for Relative Termination

Goal: DP approach better than DP(R U B)/R U B (Termination of R U B) J

Sufficient to analyze DP(R)/R U B?

Ri: a—>b Bu: b—a J

§_>R1l_)_>51 a— Ry .-
R1/Bi1 not terminating, but DP(R1)/R1 U By terminating (DP(R1) = @)

Ro: a—b Bo: f — d(a,f) J

f —g, d(a,f) ==, d(b,f) —s5, d(b,d(a,f)) ==, ...

8/18



Introduction (TRS) Dependency Pairs Relative Dependency Pairs Relative DP Framework Evaluation
(oo} 0000e0 (oo} 00000 (e]e]

Dependency Pairs for Relative Termination

Goal: DP approach better than DP(R U B)/R U B (Termination of R U B) J

Sufficient to analyze DP(R)/R U B?

Ri: a—>b Bu: b—a J

§_>R1l_)_>51 a— Ry .-
R1/Bi1 not terminating, but DP(R1)/R1 U By terminating (DP(R1) = @)

Ro: a—b Bo: f — d(a,f) J

f —p, d(a,f) =r, d(b,f) =, d(b,d(a,f)) —x, ...

8/18



Introduction (TRS) Dependency Pairs Relative Dependency Pairs Relative DP Framework Evaluation
(oo} 0000e0 (oo} 00000 (e]e]

Dependency Pairs for Relative Termination

Goal: DP approach better than DP(R U B)/R U B (Termination of R U B) J

Sufficient to analyze DP(R)/R U B?

Ri: a—>b Bu: b—a J

§_>R1l_)_>51 a— Ry .-
R1/Bi1 not terminating, but DP(R1)/R1 U By terminating (DP(R1) = @)

Ro: a—b Bo: f — d(a,f) J

f =5, d(a,f) =r, d(b,f) s, d(b,d(a,f)) —x, ...

8/18



Introduction (TRS) Dependency Pairs Relative Dependency Pairs Relative DP Framework Evaluation
(oo} 0000e0 (oo} 00000 (e]e]

Dependency Pairs for Relative Termination

Goal: DP approach better than DP(R U B)/R U B (Termination of R U B) J

Sufficient to analyze DP(R)/R U B?

Ri: a—>b Bu: b—a J

§_>R1l_)_>51 a— Ry .-
R1/Bi1 not terminating, but DP(R1)/R1 U By terminating (DP(R1) = @)

Ro: a—b Bo: f — d(a,f) J

f =5, d(a,f) =r, d(b,f) =, d(b,d(a,f)) —x, ...

8/18



Introduction (TRS) Dependency Pairs Relative Dependency Pairs Relative DP Framework Evaluation
(oo} 0000e0 (oo} 00000 (e]e]

Dependency Pairs for Relative Termination

Goal: DP approach better than DP(R U B)/R U B (Termination of R U B) J

Sufficient to analyze DP(R)/R U B?

Ri: a—>b Bu: b—a J

§_>R1l_)_>51 a— Ry .-
R1/Bi1 not terminating, but DP(R1)/R1 U By terminating (DP(R1) = @)

Ro: a—b Bo: f — d(a,f) J

f =5, d(a,f) =r, d(b,f) =z, d(b,d(a,f)) —x, ...

8/18



Introduction (TRS) Dependency Pairs Relative Dependency Pairs Relative DP Framework Evaluation
(oo} 0000e0 (oo} 00000 (e]e]

Dependency Pairs for Relative Termination

Goal: DP approach better than DP(R U B)/R U B (Termination of R U B) J

Sufficient to analyze DP(R)/R U B?

Ri: a—>b Bu: b—a J

§_>R1l_)_>51 a— Ry .-
R1/Bi1 not terminating, but DP(R1)/R1 U By terminating (DP(R1) = @)

Ro: a—b Bo: f — d(a,f) J

f =g, d(a,f) =, d(b,f) =5, d(b,d(a,f)) ==, ...
R2/B: not terminating

8/18



Introduction (TRS) Dependency Pairs Relative Dependency Pairs Relative DP Framework Evaluation
(oo} 0000e0 (oo} 00000 (e]e]

Dependency Pairs for Relative Termination

Goal: DP approach better than DP(R U B)/R U B (Termination of R U B) J

Sufficient to analyze DP(R)/R U B?

Ri: a—>b Bu: b—a J

§_>R1l_)_>51 a— Ry .-
R1/Bi1 not terminating, but DP(R1)/R1 U By terminating (DP(R1) = @)

Ro: a—b Bo: f — d(a,f) J

f—n, d(§7 f) R, d(bvf) —B; d(bvd(gv f)) TRy -
R2/B2 not terminating, but DP(R2)/R2 U Bz terminating (DP(R2) = @)

8/18



Dependency Pairs
0000e0

Dependency Pairs for Relative Termination

Goal: DP approach better than DP(R U B)/R U B (Termination of R U B) )

Sufficient to analyze DP(R)/R U B?

Ri: a—b Bu: b—a J

a—=r b—=pa—or, ...
R1/B1 not terminating, but DP(R1)/R1 U By terminating (DP(R1) = @)

Ro: a—b Bo: f — d(a,f) J

f =g, d(a,f) =, d(b,f) =5, d(b,d(a,f)) ==, ...
R2/B: not terminating, but DP(R2)/R2 U B2 terminating (DP(R2) = 2)

Domination
R dominates B :< no defined symbol of R in a right-hand side of 53
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Duplication

B is duplicating :< 3¢ — r € B,x € V: x occurs more often in r than in /.
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Rien: Beom:

len(nil) - O
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00

§_>R1b_>81§_>731

A(R»): {a# s b# } A(By): { b# —s a# }

a—b b—a

(#) (#) (#)
a” = A(RY) b7 = A(By) a? = ARy

a _>.A(R1) b
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Annotated Dependency Pairs

Rs: a— b Bo: b—a J

a— R, lz —B; A TRy --

A(R2): [ a# — b# A(B): b# — a?
a—b b—a J
#) #) #)
% = ko b7 sy 27 iRy

a ——>J4(731) b

Relative (P, S)-Chain

(P,S) is terminating iff there is no infinite evaluation

t1 —>§f) o(=pU=—s) B —>§f) o(—=pU—s)" ...
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Relative DP Framework

Example: Division
24/[4,3] = (24/4)/3 =2
Raiv :

(a) minus (x,0) — x

(b)  minus (s(x),s(y)) — minus (x,y)

(¢) div (O,s(y)) — O

(d) div (s(x),s(y)) — s(div(minus (x,y),s(y)))
(e) divL (x, nil) = x

(f) divL (x,cons(y, xs)) — divL(div (x,y), xs)
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b ~
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16/18



Introduction (TRS) Dependency Pairs Relative Dependency Pairs Relative DP Framework Evaluation
)] 000000 [e]e] 00000 [ o)

Implementation and Experiments

Fully implemented in AProVE

17/18



Evaluation
®0

Implementation and Experiments

Fully implemented in AProVE

Relative rewriting (130 benchmarks):

new AProVE | NaTT | old AProVE | T7To | MultumNonMulta
YES 91 (32) 68 (10) 48 (5) 39 (3) 0 (0)
NO 13 (0) 5 (0) 13 (0) 7 (0) 13 (0)

17/18



Evaluation
®0

Implementation and Experiments

Fully implemented in AProVE

Relative rewriting (130 benchmarks):

new AProVE | NaTT | old AProVE | T7To | MultumNonMulta
YES 91 (32) 68 (10) 48 (5) 39 (3) 0 (0)
NO 13 (0) 5 (0) 13 (0) 7 (0) 13 (0)

Relative string rewriting (403 benchmarks):
MultumNonMulta | Matchbox | AProVE | ADPs
YES 274 274 209 71

17/18



Implementation and Experiments

Fully implemented in AProVE

Relative rewriting (130 benchmarks):

Evaluation

[ ]e]

new AProVE | NaTT | old AProVE | T7To | MultumNonMulta
YES 91 (32) 68 (10) 48 (5) 39 (3) 0 (0)
NO 13 (0) 5 (0) 13 (0) 7 (0) 13 (0)
Relative string rewriting (403 benchmarks):
MultumNonMulta | Matchbox | AProVE | ADPs
YES 274 274 209 71
Equational rewriting (76 benchmarks):
AProVE | MU-TERM | ADPs
YES 66 64 36

17/18



Evaluation
oe

Conclusion

@ First DP framework specifically for relative termination

18/18



Evaluation
oe

Conclusion

@ First DP framework specifically for relative termination

@ Annotated Dependency Pairs:

{ divL#(x, cons(y, xs)) — divL(div¥(x, y), xs) }
divL(x, cons(y, xs)) — divL(div(x, y), xs)

18/18



Evaluation
oe

Conclusion

@ First DP framework specifically for relative termination

@ Annotated Dependency Pairs:

{ divL#(x, cons(y, xs)) — divL(div¥(x, y), xs) }
divL(x, cons(y, xs)) — divL(div(x, y), xs)

@ Adapted the core processors from DP framework:

o Dependency Graph Processor o Usable Terms Processor
o Reduction Pair Processor o Deralitifying Processor

18/18



Evaluation
oe

Conclusion

@ First DP framework specifically for relative termination

@ Annotated Dependency Pairs:

divL#(x, cons(y, xs)) — divL(div¥(x, y), xs)
divL(x, cons(y, xs)) — divL(div(x, y), xs)

@ Adapted the core processors from DP framework:

o Dependency Graph Processor o Usable Terms Processor
o Reduction Pair Processor o Deralitifying Processor

@ Fully implemented in AProVE.

18/18



Evaluation
oe

Conclusion

First DP framework specifically for relative termination

Annotated Dependency Pairs:

divL#(x, cons(y, xs)) — divL(div¥(x, y), xs)
divL(x, cons(y, xs)) — divL(div(x, y), xs)

Adapted the core processors from DP framework:

o Dependency Graph Processor o Usable Terms Processor
o Reduction Pair Processor o Deralitifying Processor

Fully implemented in AProVE.
Future Work:
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o Analyze further possibilities to use ADPs
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Ra: a(x) — b(x) Bo: f— a(f) J

f -5, ﬂ —r, b(f) =5, b(a (f)) SRy -

A(R2): a(x) — b(x) A(Bo): £ a#(f#) [
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Chain Criterion

For B non-duplicating: R/B is terminating iff (A(R),.A(B)) is terminating
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ComZPo/(Xa .y)
conspo(x,xs) = xs+1 switchpy(x,xs)
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X+y
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XS
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