
TRS PTRS Modularity Equality of PAST and SAST Summary

Modularity of Termination in
Probabilistic Term Rewriting

Jan-Christoph Kassing

Research Group for
Programming Languages and Verification

November 2024

1/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Termination of TRSs
Rplus : plus(0, y) → y

plus(s(x), y) → s(plus(x , y))

plus(s(0), plus(0, 0))plus(s(0), plus(0, 0))plus(s(0), plus(0, 0))

s(plus(0, plus(0, 0)))s(plus(0, plus(0, 0)))s(plus(0, plus(0, 0)))

s(plus(0, 0))s(plus(0, 0))

plus(s(0), 0)plus(s(0), 0)

s(plus(0, 0))s(plus(0, 0))

s(0) s(0)s(0)

s(plus(0, 0))s(plus(0, 0))

Innermost evaluation: always use an innermost reducible expression

Termination (Term)
R is terminating iff there is no infinite evaluation t0 →R t1 →R . . .
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(Innermost) Termination is not Modular

Termination:

R1: Term
f(a, b, x) → f(x , x , x)

R2: Termg → a
g → b

f(a, b, g)

→R1∪R2 f(g, g, g) →R1∪R2 f(a, g, g) →R1∪R2 f(a, b, g) →R1∪R2 . . .

R1 ∪ R2 not Term ⇒: Termination is not Modular

Innermost Termination:

R1: Term
a → b

R2: Term
b → a

a

i→R1∪R2 b i→R1∪R2 a i→R1∪R2 . . .

R1 ∪ R2 not Term ⇒: Innermost Termination is not Modular
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R′
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Shared Constructor Systems:
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TRS PTRS Modularity Equality of PAST and SAST Summary

Almost-Sure Termination of Probabilistic TRSs

Rrw : g(0) → { 1/2 : 0, 1/2 : g(g(0)) }

Multi-Distribution: { p1 : t1, . . . , pk : tk } with p1 + . . . + pk = 1 |µ|

{ 1 : g(0) } 0

→Rrw { 1/2 : 0, 1/2 : g2(0) } 1/2

→Rrw { 1/2 : 0, 1/4 : g(0), 1/4 : g3(0) } 1/2

→Rrw { 1/2 : 0, 1/8 : 0, 1/8 : g2(0),

1/8 : g2(0), 1/8 : g4(0) }

5/8

Almost-Sure Termination for PTRSs
• R is terminating iff there is no infinite evaluation µ0 →R µ1 →R . . .

No
• R is almost-surely terminating (AST)

iff limn→∞ |µn| = 1 for every infinite evaluation µ0 →R µ1 →R . . .

Yes

7/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Almost-Sure Termination of Probabilistic TRSs

Rrw : g(0) → { 1/2 : 0, 1/2 : g(g(0)) }

Multi-Distribution: { p1 : t1, . . . , pk : tk } with p1 + . . . + pk = 1

|µ|

{ 1 : g(0) } 0

→Rrw { 1/2 : 0, 1/2 : g2(0) } 1/2

→Rrw { 1/2 : 0, 1/4 : g(0), 1/4 : g3(0) } 1/2

→Rrw { 1/2 : 0, 1/8 : 0, 1/8 : g2(0),

1/8 : g2(0), 1/8 : g4(0) }

5/8

Almost-Sure Termination for PTRSs
• R is terminating iff there is no infinite evaluation µ0 →R µ1 →R . . .

No
• R is almost-surely terminating (AST)

iff limn→∞ |µn| = 1 for every infinite evaluation µ0 →R µ1 →R . . .

Yes

7/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Almost-Sure Termination of Probabilistic TRSs

Rrw : g(0) → { 1/2 : 0, 1/2 : g(g(0)) }

Multi-Distribution: { p1 : t1, . . . , pk : tk } with p1 + . . . + pk = 1

|µ|

{ 1 : g(0) }

0

→Rrw { 1/2 : 0, 1/2 : g2(0) } 1/2

→Rrw { 1/2 : 0, 1/4 : g(0), 1/4 : g3(0) } 1/2

→Rrw { 1/2 : 0, 1/8 : 0, 1/8 : g2(0),

1/8 : g2(0), 1/8 : g4(0) }

5/8

Almost-Sure Termination for PTRSs
• R is terminating iff there is no infinite evaluation µ0 →R µ1 →R . . .

No
• R is almost-surely terminating (AST)

iff limn→∞ |µn| = 1 for every infinite evaluation µ0 →R µ1 →R . . .

Yes

7/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Almost-Sure Termination of Probabilistic TRSs

Rrw : g(0) → { 1/2 : 0, 1/2 : g(g(0)) }

Multi-Distribution: { p1 : t1, . . . , pk : tk } with p1 + . . . + pk = 1

|µ|

{ 1 : g(0) }

0

→Rrw { 1/2 : 0, 1/2 : g2(0) }

1/2

→Rrw { 1/2 : 0, 1/4 : g(0), 1/4 : g3(0) } 1/2

→Rrw { 1/2 : 0, 1/8 : 0, 1/8 : g2(0),

1/8 : g2(0), 1/8 : g4(0) }

5/8

Almost-Sure Termination for PTRSs
• R is terminating iff there is no infinite evaluation µ0 →R µ1 →R . . .

No
• R is almost-surely terminating (AST)

iff limn→∞ |µn| = 1 for every infinite evaluation µ0 →R µ1 →R . . .

Yes

7/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Almost-Sure Termination of Probabilistic TRSs

Rrw : g(0) → { 1/2 : 0, 1/2 : g(g(0)) }

Multi-Distribution: { p1 : t1, . . . , pk : tk } with p1 + . . . + pk = 1

|µ|

{ 1 : g(0) }

0

→Rrw { 1/2 : 0, 1/2 : g2(0) }

1/2

→Rrw { 1/2 : 0, 1/4 : g(0), 1/4 : g3(0) }

1/2

→Rrw { 1/2 : 0, 1/8 : 0, 1/8 : g2(0),

1/8 : g2(0), 1/8 : g4(0) }

5/8

Almost-Sure Termination for PTRSs
• R is terminating iff there is no infinite evaluation µ0 →R µ1 →R . . .

No
• R is almost-surely terminating (AST)

iff limn→∞ |µn| = 1 for every infinite evaluation µ0 →R µ1 →R . . .

Yes

7/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Almost-Sure Termination of Probabilistic TRSs

Rrw : g(0) → { 1/2 : 0, 1/2 : g(g(0)) }

Multi-Distribution: { p1 : t1, . . . , pk : tk } with p1 + . . . + pk = 1

|µ|

{ 1 : g(0) }

0

→Rrw { 1/2 : 0, 1/2 : g2(0) }

1/2

→Rrw { 1/2 : 0, 1/4 : g(0), 1/4 : g3(0) }

1/2

→Rrw { 1/2 : 0, 1/8 : 0, 1/8 : g2(0),

1/8 : g2(0), 1/8 : g4(0) } 5/8

Almost-Sure Termination for PTRSs
• R is terminating iff there is no infinite evaluation µ0 →R µ1 →R . . .

No
• R is almost-surely terminating (AST)

iff limn→∞ |µn| = 1 for every infinite evaluation µ0 →R µ1 →R . . .

Yes

7/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Almost-Sure Termination of Probabilistic TRSs

Rrw : g(0) → { 1/2 : 0, 1/2 : g(g(0)) }

Multi-Distribution: { p1 : t1, . . . , pk : tk } with p1 + . . . + pk = 1

|µ|

{ 1 : g(0) }

0

→Rrw { 1/2 : 0, 1/2 : g2(0) }

1/2

→Rrw { 1/2 : 0, 1/4 : g(0), 1/4 : g3(0) }

1/2

→Rrw { 1/2 : 0, 1/8 : 0, 1/8 : g2(0), 1/8 : g2(0), 1/8 : g4(0) }

5/8

Almost-Sure Termination for PTRSs
• R is terminating iff there is no infinite evaluation µ0 →R µ1 →R . . .

No
• R is almost-surely terminating (AST)

iff limn→∞ |µn| = 1 for every infinite evaluation µ0 →R µ1 →R . . .

Yes

7/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Almost-Sure Termination of Probabilistic TRSs

Rrw : g(0) → { 1/2 : 0, 1/2 : g(g(0)) }

Multi-Distribution: { p1 : t1, . . . , pk : tk } with p1 + . . . + pk = 1

|µ|

{ 1 : g(0) }

0

→Rrw { 1/2 : 0, 1/2 : g2(0) }

1/2

→Rrw { 1/2 : 0, 1/4 : g(0), 1/4 : g3(0) }

1/2

→Rrw { 1/2 : 0, 1/8 : 0, 1/8 : g2(0), 1/8 : g2(0), 1/8 : g4(0) }

5/8

Almost-Sure Termination for PTRSs
• R is terminating iff there is no infinite evaluation µ0 →R µ1 →R . . .

No
• R is almost-surely terminating (AST)

iff limn→∞ |µn| = 1 for every infinite evaluation µ0 →R µ1 →R . . .

Yes

7/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Almost-Sure Termination of Probabilistic TRSs

Rrw : g(0) → { 1/2 : 0, 1/2 : g(g(0)) }

Multi-Distribution: { p1 : t1, . . . , pk : tk } with p1 + . . . + pk = 1

|µ|

{ 1 : g(0) }

0

→Rrw { 1/2 : 0, 1/2 : g2(0) }

1/2

→Rrw { 1/2 : 0, 1/4 : g(0), 1/4 : g3(0) }

1/2

→Rrw { 1/2 : 0, 1/8 : 0, 1/8 : g2(0), 1/8 : g2(0), 1/8 : g4(0) }

5/8

Almost-Sure Termination for PTRSs
• R is terminating iff there is no infinite evaluation µ0 →R µ1 →R . . . No

• R is almost-surely terminating (AST)
iff limn→∞ |µn| = 1 for every infinite evaluation µ0 →R µ1 →R . . .

Yes

7/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Almost-Sure Termination of Probabilistic TRSs

Rrw : g(0) → { 1/2 : 0, 1/2 : g(g(0)) }

Multi-Distribution: { p1 : t1, . . . , pk : tk } with p1 + . . . + pk = 1

|µ|

{ 1 : g(0) }

0

→Rrw { 1/2 : 0, 1/2 : g2(0) }

1/2

→Rrw { 1/2 : 0, 1/4 : g(0), 1/4 : g3(0) }

1/2

→Rrw { 1/2 : 0, 1/8 : 0, 1/8 : g2(0), 1/8 : g2(0), 1/8 : g4(0) }

5/8

Almost-Sure Termination for PTRSs
• R is terminating iff there is no infinite evaluation µ0 →R µ1 →R . . . No
• R is almost-surely terminating (AST)

iff limn→∞ |µn| = 1 for every infinite evaluation µ0 →R µ1 →R . . .

Yes

7/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Almost-Sure Termination of Probabilistic TRSs

Rrw : g(0) → { 1/2 : 0, 1/2 : g(g(0)) }

Multi-Distribution: { p1 : t1, . . . , pk : tk } with p1 + . . . + pk = 1 |µ|

{ 1 : g(0) }

0

→Rrw { 1/2 : 0, 1/2 : g2(0) }

1/2

→Rrw { 1/2 : 0, 1/4 : g(0), 1/4 : g3(0) }

1/2

→Rrw { 1/2 : 0, 1/8 : 0, 1/8 : g2(0), 1/8 : g2(0), 1/8 : g4(0) }

5/8

Almost-Sure Termination for PTRSs
• R is terminating iff there is no infinite evaluation µ0 →R µ1 →R . . . No
• R is almost-surely terminating (AST)

iff limn→∞ |µn| = 1 for every infinite evaluation µ0 →R µ1 →R . . .

Yes

7/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Almost-Sure Termination of Probabilistic TRSs

Rrw : g(0) → { 1/2 : 0, 1/2 : g(g(0)) }

Multi-Distribution: { p1 : t1, . . . , pk : tk } with p1 + . . . + pk = 1 |µ|

{ 1 : g(0) } 0

→Rrw { 1/2 : 0, 1/2 : g2(0) }

1/2

→Rrw { 1/2 : 0, 1/4 : g(0), 1/4 : g3(0) }

1/2

→Rrw { 1/2 : 0, 1/8 : 0, 1/8 : g2(0), 1/8 : g2(0), 1/8 : g4(0) }

5/8

Almost-Sure Termination for PTRSs
• R is terminating iff there is no infinite evaluation µ0 →R µ1 →R . . . No
• R is almost-surely terminating (AST)

iff limn→∞ |µn| = 1 for every infinite evaluation µ0 →R µ1 →R . . .

Yes

7/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Almost-Sure Termination of Probabilistic TRSs

Rrw : g(0) → { 1/2 : 0, 1/2 : g(g(0)) }

Multi-Distribution: { p1 : t1, . . . , pk : tk } with p1 + . . . + pk = 1 |µ|

{ 1 : g(0) } 0

→Rrw { 1/2 : 0, 1/2 : g2(0) } 1/2

→Rrw { 1/2 : 0, 1/4 : g(0), 1/4 : g3(0) }

1/2

→Rrw { 1/2 : 0, 1/8 : 0, 1/8 : g2(0), 1/8 : g2(0), 1/8 : g4(0) }

5/8

Almost-Sure Termination for PTRSs
• R is terminating iff there is no infinite evaluation µ0 →R µ1 →R . . . No
• R is almost-surely terminating (AST)

iff limn→∞ |µn| = 1 for every infinite evaluation µ0 →R µ1 →R . . .

Yes

7/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Almost-Sure Termination of Probabilistic TRSs

Rrw : g(0) → { 1/2 : 0, 1/2 : g(g(0)) }

Multi-Distribution: { p1 : t1, . . . , pk : tk } with p1 + . . . + pk = 1 |µ|

{ 1 : g(0) } 0

→Rrw { 1/2 : 0, 1/2 : g2(0) } 1/2

→Rrw { 1/2 : 0, 1/4 : g(0), 1/4 : g3(0) } 1/2

→Rrw { 1/2 : 0, 1/8 : 0, 1/8 : g2(0), 1/8 : g2(0), 1/8 : g4(0) }

5/8

Almost-Sure Termination for PTRSs
• R is terminating iff there is no infinite evaluation µ0 →R µ1 →R . . . No
• R is almost-surely terminating (AST)

iff limn→∞ |µn| = 1 for every infinite evaluation µ0 →R µ1 →R . . .

Yes

7/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Almost-Sure Termination of Probabilistic TRSs

Rrw : g(0) → { 1/2 : 0, 1/2 : g(g(0)) }

Multi-Distribution: { p1 : t1, . . . , pk : tk } with p1 + . . . + pk = 1 |µ|

{ 1 : g(0) } 0

→Rrw { 1/2 : 0, 1/2 : g2(0) } 1/2

→Rrw { 1/2 : 0, 1/4 : g(0), 1/4 : g3(0) } 1/2

→Rrw { 1/2 : 0, 1/8 : 0, 1/8 : g2(0), 1/8 : g2(0), 1/8 : g4(0) } 5/8

Almost-Sure Termination for PTRSs
• R is terminating iff there is no infinite evaluation µ0 →R µ1 →R . . . No
• R is almost-surely terminating (AST)

iff limn→∞ |µn| = 1 for every infinite evaluation µ0 →R µ1 →R . . .

Yes

7/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Almost-Sure Termination of Probabilistic TRSs

Rrw : g(0) → { 1/2 : 0, 1/2 : g(g(0)) }

Multi-Distribution: { p1 : t1, . . . , pk : tk } with p1 + . . . + pk = 1 |µ|

{ 1 : g(0) } 0

→Rrw { 1/2 : 0, 1/2 : g2(0) } 1/2

→Rrw { 1/2 : 0, 1/4 : g(0), 1/4 : g3(0) } 1/2

→Rrw { 1/2 : 0, 1/8 : 0, 1/8 : g2(0), 1/8 : g2(0), 1/8 : g4(0) } 5/8

Almost-Sure Termination for PTRSs
• R is terminating iff there is no infinite evaluation µ0 →R µ1 →R . . . No
• R is almost-surely terminating (AST)

iff limn→∞ |µn| = 1 for every infinite evaluation µ0 →R µ1 →R . . . Yes

7/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Positive and Strong Almost-Sure Termination

Rcoin: g → { 1/2 : 0, 1/2 : g }

{ 1 : g } |µ| = 0

→Rcoin { 1/2 : 0, 1/2 : g } |µ| = 1/2

→Rcoin { 1/2 : 0, 1/4 : 0, 1/4 : g } |µ| = 3/4

→Rcoin . . .

E(µ⃗) =
∞∑

n=0

(1 − |µn|)

= 1 + 1/2 + 1/4 + . . . =
∞∑

n=0

(1/2)n = 2

Positive/Strong Almost-Sure Termination for PTRSs

• R is Positive almost-surely terminating (PAST) iff E(µ⃗) =
∑∞

n=0(1 − |µn|)
(expected runtime) is finite for every infinite evaluation

Yes

• R is Strong almost-surely terminating (SAST) iff there exists a Ct ∈ R
such that E(µ⃗) < Ct < ∞ for every infinite evaluation µ⃗ starting with {1 : t}

Yes

8/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Positive and Strong Almost-Sure Termination

Rcoin: g → { 1/2 : 0, 1/2 : g }

{ 1 : g }

|µ| = 0

→Rcoin { 1/2 : 0, 1/2 : g } |µ| = 1/2

→Rcoin { 1/2 : 0, 1/4 : 0, 1/4 : g } |µ| = 3/4

→Rcoin . . .

E(µ⃗) =
∞∑

n=0

(1 − |µn|)

= 1 + 1/2 + 1/4 + . . . =
∞∑

n=0

(1/2)n = 2

Positive/Strong Almost-Sure Termination for PTRSs

• R is Positive almost-surely terminating (PAST) iff E(µ⃗) =
∑∞

n=0(1 − |µn|)
(expected runtime) is finite for every infinite evaluation

Yes

• R is Strong almost-surely terminating (SAST) iff there exists a Ct ∈ R
such that E(µ⃗) < Ct < ∞ for every infinite evaluation µ⃗ starting with {1 : t}

Yes

8/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Positive and Strong Almost-Sure Termination

Rcoin: g → { 1/2 : 0, 1/2 : g }

{ 1 : g }

|µ| = 0

→Rcoin { 1/2 : 0, 1/2 : g }

|µ| = 1/2

→Rcoin { 1/2 : 0, 1/4 : 0, 1/4 : g } |µ| = 3/4

→Rcoin . . .

E(µ⃗) =
∞∑

n=0

(1 − |µn|)

= 1 + 1/2 + 1/4 + . . . =
∞∑

n=0

(1/2)n = 2

Positive/Strong Almost-Sure Termination for PTRSs

• R is Positive almost-surely terminating (PAST) iff E(µ⃗) =
∑∞

n=0(1 − |µn|)
(expected runtime) is finite for every infinite evaluation

Yes

• R is Strong almost-surely terminating (SAST) iff there exists a Ct ∈ R
such that E(µ⃗) < Ct < ∞ for every infinite evaluation µ⃗ starting with {1 : t}

Yes

8/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Positive and Strong Almost-Sure Termination

Rcoin: g → { 1/2 : 0, 1/2 : g }

{ 1 : g }

|µ| = 0

→Rcoin { 1/2 : 0, 1/2 : g }

|µ| = 1/2

→Rcoin { 1/2 : 0, 1/4 : 0, 1/4 : g }

|µ| = 3/4

→Rcoin . . .

E(µ⃗) =
∞∑

n=0

(1 − |µn|)

= 1 + 1/2 + 1/4 + . . . =
∞∑

n=0

(1/2)n = 2

Positive/Strong Almost-Sure Termination for PTRSs

• R is Positive almost-surely terminating (PAST) iff E(µ⃗) =
∑∞

n=0(1 − |µn|)
(expected runtime) is finite for every infinite evaluation

Yes

• R is Strong almost-surely terminating (SAST) iff there exists a Ct ∈ R
such that E(µ⃗) < Ct < ∞ for every infinite evaluation µ⃗ starting with {1 : t}

Yes

8/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Positive and Strong Almost-Sure Termination

Rcoin: g → { 1/2 : 0, 1/2 : g }

{ 1 : g }

|µ| = 0

→Rcoin { 1/2 : 0, 1/2 : g }

|µ| = 1/2

→Rcoin { 1/2 : 0, 1/4 : 0, 1/4 : g }

|µ| = 3/4

→Rcoin . . .

E(µ⃗) =
∞∑

n=0

(1 − |µn|)

= 1 + 1/2 + 1/4 + . . . =
∞∑

n=0

(1/2)n = 2

Positive/Strong Almost-Sure Termination for PTRSs

• R is Positive almost-surely terminating (PAST) iff E(µ⃗) =
∑∞

n=0(1 − |µn|)
(expected runtime) is finite for every infinite evaluation

Yes

• R is Strong almost-surely terminating (SAST) iff there exists a Ct ∈ R
such that E(µ⃗) < Ct < ∞ for every infinite evaluation µ⃗ starting with {1 : t}

Yes

8/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Positive and Strong Almost-Sure Termination

Rcoin: g → { 1/2 : 0, 1/2 : g }

{ 1 : g }

|µ| = 0

→Rcoin { 1/2 : 0, 1/2 : g }

|µ| = 1/2

→Rcoin { 1/2 : 0, 1/4 : 0, 1/4 : g }

|µ| = 3/4

→Rcoin . . .

E(µ⃗) =
∞∑

n=0

(1 − |µn|)

= 1 + 1/2 + 1/4 + . . . =
∞∑

n=0

(1/2)n = 2

Positive/Strong Almost-Sure Termination for PTRSs

• R is Positive almost-surely terminating (PAST) iff E(µ⃗) =
∑∞

n=0(1 − |µn|)
(expected runtime) is finite for every infinite evaluation

Yes

• R is Strong almost-surely terminating (SAST) iff there exists a Ct ∈ R
such that E(µ⃗) < Ct < ∞ for every infinite evaluation µ⃗ starting with {1 : t}

Yes

8/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Positive and Strong Almost-Sure Termination

Rcoin: g → { 1/2 : 0, 1/2 : g }

{ 1 : g }

|µ| = 0

→Rcoin { 1/2 : 0, 1/2 : g }

|µ| = 1/2

→Rcoin { 1/2 : 0, 1/4 : 0, 1/4 : g }

|µ| = 3/4

→Rcoin . . .

E(µ⃗) =
∞∑

n=0

(1 − |µn|)

= 1 + 1/2 + 1/4 + . . . =
∞∑

n=0

(1/2)n = 2

Positive/Strong Almost-Sure Termination for PTRSs

• R is Positive almost-surely terminating (PAST) iff E(µ⃗) =
∑∞

n=0(1 − |µn|)
(expected runtime) is finite for every infinite evaluation

Yes
• R is Strong almost-surely terminating (SAST) iff there exists a Ct ∈ R

such that E(µ⃗) < Ct < ∞ for every infinite evaluation µ⃗ starting with {1 : t}

Yes

8/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Positive and Strong Almost-Sure Termination

Rcoin: g → { 1/2 : 0, 1/2 : g }

{ 1 : g } |µ| = 0

→Rcoin { 1/2 : 0, 1/2 : g }

|µ| = 1/2

→Rcoin { 1/2 : 0, 1/4 : 0, 1/4 : g }

|µ| = 3/4

→Rcoin . . .

E(µ⃗) =
∞∑

n=0

(1 − |µn|)

= 1 + 1/2 + 1/4 + . . . =
∞∑

n=0

(1/2)n = 2

Positive/Strong Almost-Sure Termination for PTRSs

• R is Positive almost-surely terminating (PAST) iff E(µ⃗) =
∑∞

n=0(1 − |µn|)
(expected runtime) is finite for every infinite evaluation

Yes
• R is Strong almost-surely terminating (SAST) iff there exists a Ct ∈ R

such that E(µ⃗) < Ct < ∞ for every infinite evaluation µ⃗ starting with {1 : t}

Yes

8/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Positive and Strong Almost-Sure Termination

Rcoin: g → { 1/2 : 0, 1/2 : g }

{ 1 : g } |µ| = 0

→Rcoin { 1/2 : 0, 1/2 : g } |µ| = 1/2

→Rcoin { 1/2 : 0, 1/4 : 0, 1/4 : g }

|µ| = 3/4

→Rcoin . . .

E(µ⃗) =
∞∑

n=0

(1 − |µn|)

= 1 + 1/2 + 1/4 + . . . =
∞∑

n=0

(1/2)n = 2

Positive/Strong Almost-Sure Termination for PTRSs

• R is Positive almost-surely terminating (PAST) iff E(µ⃗) =
∑∞

n=0(1 − |µn|)
(expected runtime) is finite for every infinite evaluation

Yes
• R is Strong almost-surely terminating (SAST) iff there exists a Ct ∈ R

such that E(µ⃗) < Ct < ∞ for every infinite evaluation µ⃗ starting with {1 : t}

Yes

8/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Positive and Strong Almost-Sure Termination

Rcoin: g → { 1/2 : 0, 1/2 : g }

{ 1 : g } |µ| = 0

→Rcoin { 1/2 : 0, 1/2 : g } |µ| = 1/2

→Rcoin { 1/2 : 0, 1/4 : 0, 1/4 : g } |µ| = 3/4

→Rcoin . . .

E(µ⃗) =
∞∑

n=0

(1 − |µn|)

= 1 + 1/2 + 1/4 + . . . =
∞∑

n=0

(1/2)n = 2

Positive/Strong Almost-Sure Termination for PTRSs

• R is Positive almost-surely terminating (PAST) iff E(µ⃗) =
∑∞

n=0(1 − |µn|)
(expected runtime) is finite for every infinite evaluation

Yes
• R is Strong almost-surely terminating (SAST) iff there exists a Ct ∈ R

such that E(µ⃗) < Ct < ∞ for every infinite evaluation µ⃗ starting with {1 : t}

Yes

8/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Positive and Strong Almost-Sure Termination

Rcoin: g → { 1/2 : 0, 1/2 : g }

{ 1 : g } |µ| = 0

→Rcoin { 1/2 : 0, 1/2 : g } |µ| = 1/2

→Rcoin { 1/2 : 0, 1/4 : 0, 1/4 : g } |µ| = 3/4

→Rcoin . . .

E(µ⃗) =
∞∑

n=0

(1 − |µn|)

= 1 + 1/2 + 1/4 + . . . =
∞∑

n=0

(1/2)n = 2

Positive/Strong Almost-Sure Termination for PTRSs

• R is Positive almost-surely terminating (PAST) iff E(µ⃗) =
∑∞

n=0(1 − |µn|)
(expected runtime) is finite for every infinite evaluation

Yes
• R is Strong almost-surely terminating (SAST) iff there exists a Ct ∈ R

such that E(µ⃗) < Ct < ∞ for every infinite evaluation µ⃗ starting with {1 : t}

Yes

8/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Positive and Strong Almost-Sure Termination

Rcoin: g → { 1/2 : 0, 1/2 : g }

{ 1 : g } |µ| = 0

→Rcoin { 1/2 : 0, 1/2 : g } |µ| = 1/2

→Rcoin { 1/2 : 0, 1/4 : 0, 1/4 : g } |µ| = 3/4

→Rcoin . . .

E(µ⃗) =
∞∑

n=0

(1 − |µn|) = 1 + 1/2 + 1/4 + . . .

=
∞∑

n=0

(1/2)n = 2

Positive/Strong Almost-Sure Termination for PTRSs

• R is Positive almost-surely terminating (PAST) iff E(µ⃗) =
∑∞

n=0(1 − |µn|)
(expected runtime) is finite for every infinite evaluation

Yes
• R is Strong almost-surely terminating (SAST) iff there exists a Ct ∈ R

such that E(µ⃗) < Ct < ∞ for every infinite evaluation µ⃗ starting with {1 : t}

Yes

8/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Positive and Strong Almost-Sure Termination

Rcoin: g → { 1/2 : 0, 1/2 : g }

{ 1 : g } |µ| = 0

→Rcoin { 1/2 : 0, 1/2 : g } |µ| = 1/2

→Rcoin { 1/2 : 0, 1/4 : 0, 1/4 : g } |µ| = 3/4

→Rcoin . . .

E(µ⃗) =
∞∑

n=0

(1 − |µn|) = 1 + 1/2 + 1/4 + . . . =
∞∑

n=0

(1/2)n

= 2

Positive/Strong Almost-Sure Termination for PTRSs

• R is Positive almost-surely terminating (PAST) iff E(µ⃗) =
∑∞

n=0(1 − |µn|)
(expected runtime) is finite for every infinite evaluation

Yes
• R is Strong almost-surely terminating (SAST) iff there exists a Ct ∈ R

such that E(µ⃗) < Ct < ∞ for every infinite evaluation µ⃗ starting with {1 : t}

Yes

8/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Positive and Strong Almost-Sure Termination

Rcoin: g → { 1/2 : 0, 1/2 : g }

{ 1 : g } |µ| = 0

→Rcoin { 1/2 : 0, 1/2 : g } |µ| = 1/2

→Rcoin { 1/2 : 0, 1/4 : 0, 1/4 : g } |µ| = 3/4

→Rcoin . . .

E(µ⃗) =
∞∑

n=0

(1 − |µn|) = 1 + 1/2 + 1/4 + . . . =
∞∑

n=0

(1/2)n = 2

Positive/Strong Almost-Sure Termination for PTRSs

• R is Positive almost-surely terminating (PAST) iff E(µ⃗) =
∑∞

n=0(1 − |µn|)
(expected runtime) is finite for every infinite evaluation

Yes
• R is Strong almost-surely terminating (SAST) iff there exists a Ct ∈ R

such that E(µ⃗) < Ct < ∞ for every infinite evaluation µ⃗ starting with {1 : t}

Yes

8/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Positive and Strong Almost-Sure Termination

Rcoin: g → { 1/2 : 0, 1/2 : g }

{ 1 : g } |µ| = 0

→Rcoin { 1/2 : 0, 1/2 : g } |µ| = 1/2

→Rcoin { 1/2 : 0, 1/4 : 0, 1/4 : g } |µ| = 3/4

→Rcoin . . .

E(µ⃗) =
∞∑

n=0

(1 − |µn|) = 1 + 1/2 + 1/4 + . . . =
∞∑

n=0

(1/2)n = 2

Positive/Strong Almost-Sure Termination for PTRSs

• R is Positive almost-surely terminating (PAST) iff E(µ⃗) =
∑∞

n=0(1 − |µn|)
(expected runtime) is finite for every infinite evaluation Yes

• R is Strong almost-surely terminating (SAST) iff there exists a Ct ∈ R
such that E(µ⃗) < Ct < ∞ for every infinite evaluation µ⃗ starting with {1 : t}

Yes

8/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Positive and Strong Almost-Sure Termination

Rcoin: g → { 1/2 : 0, 1/2 : g }

{ 1 : g } |µ| = 0

→Rcoin { 1/2 : 0, 1/2 : g } |µ| = 1/2

→Rcoin { 1/2 : 0, 1/4 : 0, 1/4 : g } |µ| = 3/4

→Rcoin . . .

E(µ⃗) =
∞∑

n=0

(1 − |µn|) = 1 + 1/2 + 1/4 + . . . =
∞∑

n=0

(1/2)n = 2

Positive/Strong Almost-Sure Termination for PTRSs

• R is Positive almost-surely terminating (PAST) iff E(µ⃗) =
∑∞

n=0(1 − |µn|)
(expected runtime) is finite for every infinite evaluation Yes

• R is Strong almost-surely terminating (SAST) iff there exists a Ct ∈ R
such that E(µ⃗) < Ct < ∞ for every infinite evaluation µ⃗ starting with {1 : t}

Yes

8/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Positive and Strong Almost-Sure Termination

Rcoin: g → { 1/2 : 0, 1/2 : g }

{ 1 : g } |µ| = 0

→Rcoin { 1/2 : 0, 1/2 : g } |µ| = 1/2

→Rcoin { 1/2 : 0, 1/4 : 0, 1/4 : g } |µ| = 3/4

→Rcoin . . .

E(µ⃗) =
∞∑

n=0

(1 − |µn|) = 1 + 1/2 + 1/4 + . . . =
∞∑

n=0

(1/2)n = 2

Positive/Strong Almost-Sure Termination for PTRSs

• R is Positive almost-surely terminating (PAST) iff E(µ⃗) =
∑∞

n=0(1 − |µn|)
(expected runtime) is finite for every infinite evaluation Yes

• R is Strong almost-surely terminating (SAST) iff there exists a Ct ∈ R
such that E(µ⃗) < Ct < ∞ for every infinite evaluation µ⃗ starting with {1 : t}

Yes

8/19
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AST vs. PAST vs. SAST

SAST ⊊ PAST ⊊ AST

AST and not PAST:

Rrw : g(0) → { 1/2 : 0, 1/2 : g(g(0)) }

⇒ AST as we have seen
⇒ Not PAST (no details)
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AST vs. PAST vs. SAST

PAST and not SAST:

R: f(x) → {1/2 : f(s(x)), 1/2 : 0}
f(x) → {1 : g(x)}

“g(sk(x)) → Θ(4k)”

Starting with {1 : f(0)}:
1. Only using the first f-rule:

{1 : f(0)}

→R {1/2 : f(s(0)), 1/2 : 0}
→R {1/4 : f(s2(0)), 3/4 : 0} →R . . .

Coin Flip ⇒ E(µ⃗) = 2 < ∞

2. Using the first f-rule k-times:

{1 : f(0)}

→k
R {(1/2)k : f(sk(0)), 1 − (1/2)k : 0}

→R {(1/2)k : g(sk(0)), 1 − (1/2)k : 0} →R . . .

E(µ⃗) ≈ (1/2)k · 4k = 2k < ∞ but unbounded!
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TRS PTRS Modularity Equality of PAST and SAST Summary

Modularity AST

Disjoint Unions: Yes

R1: AST
f(x) → {1/2 : x , 1/2 : f2(x)}

R2: AST
g(x) → {1/2 : x , 1/2 : g2(x)}

f(g(x))

Shared Constructor Systems: Yes

R1: AST
f(s(x)) → {1/2 : f(x), 1/2 : f(s2(x))}

R2: AST
g(0) → {1/2 : s(0), 1/2 : s(g2(0))}

{1 : f(g(0))}

i→R2 {1/2 : f(s(0)), 1/2 : f(s(g(g(0))))} i→R1 . . .
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TRS PTRS Modularity Equality of PAST and SAST Summary

Modularity PAST

Disjoint Unions: No

R1: PAST
f(x) → {1/2 : f(s(x)), 1/2 : 0}
f(x) → {1 : g(x)}

“g(sk(x)) → Θ(4k)”

R2: PAST
b(x) → c(x , x)

{1 : c(f(0), f(0))}
→R1 {1/2 : c(0, f(0)), 1/2 : c(f(s(0)), f(0))}
→R1 { . . . , 1/4 : c(0, f(0)), 1/4 : c(f(s2(0)), f(0))}
→R1 { . . . , . . . , 1/8 : c(0, f(0)), 1/8 : c(f(s3(0)), f(0))}

E(µ⃗) ≥ 1/2 · 21 + 1/4 · 22 + 1/8 · 23 =
∞∑

k=0
(1/2)k · 2k =

∞∑
k=0

1 = ∞

Shared Constructor Systems: No

13/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Modularity PAST

Disjoint Unions: No

R1: PAST
f(x) → {1/2 : f(s(x)), 1/2 : 0}
f(x) → {1 : g(x)}

“g(sk(x)) → Θ(4k)”

R2: PAST
b(x) → c(x , x)

{1 : c(f(0), f(0))}
→R1 {1/2 : c(0, f(0)), 1/2 : c(f(s(0)), f(0))}
→R1 { . . . , 1/4 : c(0, f(0)), 1/4 : c(f(s2(0)), f(0))}
→R1 { . . . , . . . , 1/8 : c(0, f(0)), 1/8 : c(f(s3(0)), f(0))}

E(µ⃗) ≥ 1/2 · 21 + 1/4 · 22 + 1/8 · 23 =
∞∑

k=0
(1/2)k · 2k =

∞∑
k=0

1 = ∞

Shared Constructor Systems: No

13/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Modularity PAST

Disjoint Unions: No

R1: PAST
f(x) → {1/2 : f(s(x)), 1/2 : 0}
f(x) → {1 : g(x)}

“g(sk(x)) → Θ(4k)”

R2: PAST
b(x) → c(x , x)

{1 : c(f(0), f(0))}

→R1 {1/2 : c(0, f(0)), 1/2 : c(f(s(0)), f(0))}
→R1 { . . . , 1/4 : c(0, f(0)), 1/4 : c(f(s2(0)), f(0))}
→R1 { . . . , . . . , 1/8 : c(0, f(0)), 1/8 : c(f(s3(0)), f(0))}

E(µ⃗) ≥ 1/2 · 21 + 1/4 · 22 + 1/8 · 23 =
∞∑

k=0
(1/2)k · 2k =

∞∑
k=0

1 = ∞

Shared Constructor Systems: No

13/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Modularity PAST

Disjoint Unions: No

R1: PAST
f(x) → {1/2 : f(s(x)), 1/2 : 0}
f(x) → {1 : g(x)}

“g(sk(x)) → Θ(4k)”

R2: PAST
b(x) → c(x , x)

{1 : c(f(0), f(0))}
→R1 {1/2 : c(0, f(0)), 1/2 : c(f(s(0)), f(0))}

→R1 { . . . , 1/4 : c(0, f(0)), 1/4 : c(f(s2(0)), f(0))}
→R1 { . . . , . . . , 1/8 : c(0, f(0)), 1/8 : c(f(s3(0)), f(0))}

E(µ⃗) ≥ 1/2 · 21 + 1/4 · 22 + 1/8 · 23 =
∞∑

k=0
(1/2)k · 2k =

∞∑
k=0

1 = ∞

Shared Constructor Systems: No

13/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Modularity PAST

Disjoint Unions: No

R1: PAST
f(x) → {1/2 : f(s(x)), 1/2 : 0}
f(x) → {1 : g(x)}

“g(sk(x)) → Θ(4k)”

R2: PAST
b(x) → c(x , x)

{1 : c(f(0), f(0))}
→R1 {1/2 : c(0, f(0)), 1/2 : c(f(s(0)), f(0))}
→R1 { . . . , 1/4 : c(0, f(0)), 1/4 : c(f(s2(0)), f(0))}

→R1 { . . . , . . . , 1/8 : c(0, f(0)), 1/8 : c(f(s3(0)), f(0))}

E(µ⃗) ≥ 1/2 · 21 + 1/4 · 22 + 1/8 · 23 =
∞∑

k=0
(1/2)k · 2k =

∞∑
k=0

1 = ∞

Shared Constructor Systems: No

13/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Modularity PAST

Disjoint Unions: No

R1: PAST
f(x) → {1/2 : f(s(x)), 1/2 : 0}
f(x) → {1 : g(x)}

“g(sk(x)) → Θ(4k)”

R2: PAST
b(x) → c(x , x)

{1 : c(f(0), f(0))}
→R1 {1/2 : c(0, f(0)), 1/2 : c(f(s(0)), f(0))}
→R1 { . . . , 1/4 : c(0, f(0)), 1/4 : c(f(s2(0)), f(0))}
→R1 { . . . , . . . , 1/8 : c(0, f(0)), 1/8 : c(f(s3(0)), f(0))}

E(µ⃗) ≥ 1/2 · 21 + 1/4 · 22 + 1/8 · 23 =
∞∑

k=0
(1/2)k · 2k =

∞∑
k=0

1 = ∞

Shared Constructor Systems: No

13/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Modularity PAST

Disjoint Unions: No

R1: PAST
f(x) → {1/2 : f(s(x)), 1/2 : 0}
f(x) → {1 : g(x)}

“g(sk(x)) → Θ(4k)”

R2: PAST
b(x) → c(x , x)

{1 : c(f(0), f(0))}
→R1 {1/2 : c(0, f(0)), 1/2 : c(f(s(0)), f(0))}
→R1 { . . . , 1/4 : c(0, f(0)), 1/4 : c(f(s2(0)), f(0))}
→R1 { . . . , . . . , 1/8 : c(0, f(0)), 1/8 : c(f(s3(0)), f(0))}

E(µ⃗)

≥ 1/2 · 21 + 1/4 · 22 + 1/8 · 23 =
∞∑

k=0
(1/2)k · 2k =

∞∑
k=0

1 = ∞

Shared Constructor Systems: No

13/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Modularity PAST

Disjoint Unions: No

R1: PAST
f(x) → {1/2 : f(s(x)), 1/2 : 0}
f(x) → {1 : g(x)}

“g(sk(x)) → Θ(4k)”

R2: PAST
b(x) → c(x , x)

{1 : c(f(0), f(0))}
→R1 {1/2 : c(0, f(0)), 1/2 : c(f(s(0)), f(0))}
→R1 { . . . , 1/4 : c(0, f(0)), 1/4 : c(f(s2(0)), f(0))}
→R1 { . . . , . . . , 1/8 : c(0, f(0)), 1/8 : c(f(s3(0)), f(0))}

E(µ⃗) ≥ 1/2 · 21

+ 1/4 · 22 + 1/8 · 23 =
∞∑

k=0
(1/2)k · 2k =

∞∑
k=0

1 = ∞

Shared Constructor Systems: No

13/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Modularity PAST

Disjoint Unions: No

R1: PAST
f(x) → {1/2 : f(s(x)), 1/2 : 0}
f(x) → {1 : g(x)}

“g(sk(x)) → Θ(4k)”

R2: PAST
b(x) → c(x , x)

{1 : c(f(0), f(0))}
→R1 {1/2 : c(0, f(0)), 1/2 : c(f(s(0)), f(0))}
→R1 { . . . , 1/4 : c(0, f(0)), 1/4 : c(f(s2(0)), f(0))}
→R1 { . . . , . . . , 1/8 : c(0, f(0)), 1/8 : c(f(s3(0)), f(0))}

E(µ⃗) ≥ 1/2 · 21 + 1/4 · 22 +

1/8 · 23 =
∞∑

k=0
(1/2)k · 2k =

∞∑
k=0

1 = ∞

Shared Constructor Systems: No

13/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Modularity PAST

Disjoint Unions: No

R1: PAST
f(x) → {1/2 : f(s(x)), 1/2 : 0}
f(x) → {1 : g(x)}

“g(sk(x)) → Θ(4k)”

R2: PAST
b(x) → c(x , x)

{1 : c(f(0), f(0))}
→R1 {1/2 : c(0, f(0)), 1/2 : c(f(s(0)), f(0))}
→R1 { . . . , 1/4 : c(0, f(0)), 1/4 : c(f(s2(0)), f(0))}
→R1 { . . . , . . . , 1/8 : c(0, f(0)), 1/8 : c(f(s3(0)), f(0))}

E(µ⃗) ≥ 1/2 · 21 + 1/4 · 22 + 1/8 · 23

=
∞∑

k=0
(1/2)k · 2k =

∞∑
k=0

1 = ∞

Shared Constructor Systems: No

13/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Modularity PAST

Disjoint Unions: No

R1: PAST
f(x) → {1/2 : f(s(x)), 1/2 : 0}
f(x) → {1 : g(x)}

“g(sk(x)) → Θ(4k)”

R2: PAST
b(x) → c(x , x)

{1 : c(f(0), f(0))}
→R1 {1/2 : c(0, f(0)), 1/2 : c(f(s(0)), f(0))}
→R1 { . . . , 1/4 : c(0, f(0)), 1/4 : c(f(s2(0)), f(0))}
→R1 { . . . , . . . , 1/8 : c(0, f(0)), 1/8 : c(f(s3(0)), f(0))}

E(µ⃗) ≥ 1/2 · 21 + 1/4 · 22 + 1/8 · 23 =
∞∑

k=0
(1/2)k · 2k

=
∞∑

k=0
1 = ∞

Shared Constructor Systems: No

13/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Modularity PAST

Disjoint Unions: No

R1: PAST
f(x) → {1/2 : f(s(x)), 1/2 : 0}
f(x) → {1 : g(x)}

“g(sk(x)) → Θ(4k)”

R2: PAST
b(x) → c(x , x)

{1 : c(f(0), f(0))}
→R1 {1/2 : c(0, f(0)), 1/2 : c(f(s(0)), f(0))}
→R1 { . . . , 1/4 : c(0, f(0)), 1/4 : c(f(s2(0)), f(0))}
→R1 { . . . , . . . , 1/8 : c(0, f(0)), 1/8 : c(f(s3(0)), f(0))}

E(µ⃗) ≥ 1/2 · 21 + 1/4 · 22 + 1/8 · 23 =
∞∑

k=0
(1/2)k · 2k =

∞∑
k=0

1

= ∞

Shared Constructor Systems: No

13/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Modularity PAST

Disjoint Unions: No

R1: PAST
f(x) → {1/2 : f(s(x)), 1/2 : 0}
f(x) → {1 : g(x)}

“g(sk(x)) → Θ(4k)”

R2: PAST
b(x) → c(x , x)

{1 : c(f(0), f(0))}
→R1 {1/2 : c(0, f(0)), 1/2 : c(f(s(0)), f(0))}
→R1 { . . . , 1/4 : c(0, f(0)), 1/4 : c(f(s2(0)), f(0))}
→R1 { . . . , . . . , 1/8 : c(0, f(0)), 1/8 : c(f(s3(0)), f(0))}

E(µ⃗) ≥ 1/2 · 21 + 1/4 · 22 + 1/8 · 23 =
∞∑

k=0
(1/2)k · 2k =

∞∑
k=0

1 = ∞

Shared Constructor Systems: No

13/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Modularity PAST

Disjoint Unions: No

R1: PAST
f(x) → {1/2 : f(s(x)), 1/2 : 0}
f(x) → {1 : g(x)}

“g(sk(x)) → Θ(4k)”

R2: PAST
b(x) → c(x , x)

{1 : c(f(0), f(0))}
→R1 {1/2 : c(0, f(0)), 1/2 : c(f(s(0)), f(0))}
→R1 { . . . , 1/4 : c(0, f(0)), 1/4 : c(f(s2(0)), f(0))}
→R1 { . . . , . . . , 1/8 : c(0, f(0)), 1/8 : c(f(s3(0)), f(0))}

E(µ⃗) ≥ 1/2 · 21 + 1/4 · 22 + 1/8 · 23 =
∞∑

k=0
(1/2)k · 2k =

∞∑
k=0

1 = ∞

Shared Constructor Systems: No

13/19



TRS PTRS Modularity Equality of PAST and SAST Summary

Modularity SAST

Disjoint Unions: Yes (no details)

Shared Constructor Systems: No

R1: SAST
f(c(x , y)) → {1 : c(f(x), f(y))}

f(0) → {1 : 0}

R2: SAST
g(x) → {1/2 : g(d(x)), 3/4 : x}
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R2
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R1
{. . . , (1/2)k : ck−1(0) , . . .}
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Modularity SAST

Disjoint Unions: Yes (no details)

Shared Constructor Systems: No

R1: SAST
f(c(x , y)) → {1 : c(f(x), f(y))}

f(0) → {1 : 0}
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g(x) → {1/2 : g(d(x)), 3/4 : x}
d(x) → {1 : c(x , x)}
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Modularity for PTRSs

Innermost Rewriting with . . . AST PAST SAST
Disjoint Unions Yes No Yes

Shared Constructors Yes No No
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PAST and Signature Extensions

R1: PAST
f(x) → {1/2 : f(s(x)), 1/2 : 0}
f(x) → {1 : g(x)}

“g(sk(x)) → Θ(4k)”

Consider R1 with an additional c(◦, ◦):

{1 : c(f(0), f(0))}
→R1 {1/2 : c(0, f(0)), 1/2 : c(f(s(0)), f(0))}
→R1 { . . . , 1/4 : c(0, f(0)), 1/4 : c(f(s2(0)), f(0))}
→R1 { . . . , . . . , 1/8 : c(0, f(0)), 1/8 : c(f(s3(0)), f(0))}

E(µ⃗) ≥ 1/2 · 21 + 1/4 · 22 + 1/8 · 23 =
∞∑

k=0
(1/2)k · 2k =

∞∑
k=0

1 = ∞
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TRS PTRS Modularity Equality of PAST and SAST Summary

SAST ≈ PAST

Theorem: Equivalence of PASTf and SASTf

If a PTRS P has only finitely many rules and the corresponding signature
contains a function symbol of at least arity 2, then:

P is PAST ⇐⇒ P is SAST

Idea:

1 Let R be PAST but not SAST
2 Let t be a term such that E(µt) is unbounded
3 Start with c(t, t) and create a sequence µc(t,t)
4 Use first t to create infinitely many copies of second t
5 E(µc(t,t)) = ∞ as before ⇒ not PAST
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TRS PTRS Modularity Equality of PAST and SAST Summary

Summary

Definition and Differences between AST, PAST, and SAST
SAST ⊊ PAST ⊊ AST

PAST and SAST are very closely related for rewriting

Theorem: Equivalence of PASTf and SASTf

If a PTRS P has only finitely many rules and the corresponding signature
contains a function symbol of at least arity 2, then:

P is PAST ⇐⇒ P is SAST

Modularity
AST PAST SAST

Disjoint Unions Yes No Yes
Shared Constructors Yes No No
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