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Reachability in Term Rewriting

Rgeo:
geo(x) → geo(s(x)) geo(x) → x

Is s(0) reachable from geo(0)?

geo(0)

→Rgeo geo(s(0)) →Rgeo s(0) ✓ reached!

Reachability Problem

Can a target t (e.g., an error state) be reached from a start term s?

s →∗
R t ?

more generally: ∃σ. sσ →∗
R tσ ?

▶ well-studied for TRSs [Genet’98, Lucas&Gutiérrez’18, Sternagel&Yamada’19, . . . ]

▶ closely related to confluence analysis
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From Qualitative to Quantitative Reachability

What if the program can make random choices during execution?
Or if the data contains uncertainty, e.g., random noise?

Term Rewriting

qualitative analysis

Is t reachable from s?

s →∗
R t ✓ / ✗

⇝ Probabilistic Term Rewriting

quantitative analysis

With which probability is t reached from s?

P(s →∗
P t) ∈ [0, 1]

Research Goal

Lift reachability analysis to probabilistic TRSs (PTRSs) and compute upper bounds p:

p < 1 disproves almost-sure reachability p = 0 disproves reachability at all

2 Disproving Reachability in Probabilistic Term Rewriting, J.-C. Kassing, M. Leven Rosarius, H. Nagel, and J. Giesl
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Probabilistic Term Rewriting

Pgeo: geo(x) →
{

1/2geo(s(x)), 1/2x
}

Multi-distribution µ = {p1t1, . . . ,
pktk}

with p1 + · · ·+ pk = 1

▶ Rule selection is nondeterministic

▶ the reduct is chosen probabilistically

Reduction Tree starting in geo(0):

1 geo(0)

1/2 geo(s(0))

1/2 0 NF

1/4 geo(s(s(0)))

1/4 s(0) NF

. . .

1/8 s(s(0)) NF

sk(0) is reached from geo(0) with probability (1/2)k+1 (a geometric distribution)
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Maximal Reachability Probability

Collect the probability mass of t

PT(s →∗
P t) =

∑
v ∈ leaf(T), av = t

pv

Resolve the nondeterminism in the worst case
Pmax(s →∗

P t) = sup
P-RT T

PT(s →∗
P t)

Goal: Prove Upper Bounds

s 99KP≤p t :⇐⇒ Pmax(sσ →∗
P tσ) ≤ p for every ground substitution σ

Reduction tree (RT) of Pgeo from geo(0), where geo(x) →
{

1/2geo(s(x)), 1/2x
}
:

1 geo(0)

1/2 geo(s(0))

1/2 0 NFPgeo

1/4 geo(s(s(0)))

1/4 s(0) NFPgeo

. . .

1/8 s(s(0)) NFPgeo

Target 0: one leaf, probability 1/2 =⇒ geo(0) 99KPgeo

≤1/2 0

Target s(0): one leaf, probability 1/4 =⇒ geo(0) 99KPgeo

≤1/4 s(0)

4 Disproving Reachability in Probabilistic Term Rewriting, J.-C. Kassing, M. Leven Rosarius, H. Nagel, and J. Giesl
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Two Techniques for Upper Bounds

Goal: compute upper bounds s 99KP≤p t automatically

1. Markov Decision Processes

over-approximate →P by a finite MDP

read off bounds with model checkers

2. Interpretations

weight functions as ranking functions

bounds via the Stopping Theorem

5 Disproving Reachability in Probabilistic Term Rewriting, J.-C. Kassing, M. Leven Rosarius, H. Nagel, and J. Giesl
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Markov Decision Processes (MDPs)

Markov Decision Process

M = (S,Act ,P) with states S, finitely many actions Act , and transition probabilities
P(s, α, s′) ∈ [0, 1] such that

∑
s′ P(s, α, s′) ∈ {0, 1} (α is enabled in s iff the sum is 1)

s0

s2

s1

t
α, 1/3

α, 2/3

β, 1 γ, 1/2

γ, 1/2

▶ nondeterminism is resolved by a scheduler: it picks an enabled action in every state

▶ scheduler picks α: reach t with probability 1/3

▶ scheduler picks β: the γ-loop eventually escapes to t ⇝ probability 1

▶ Pmax
M (s0, {t}) = max{1/3, 1} = 1

7 Disproving Reachability in Probabilistic Term Rewriting, J.-C. Kassing, M. Leven Rosarius, H. Nagel, and J. Giesl
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The n-Cut MDP Mn(P) (lifting [Sternagel&Yamada’19])

Pgeo: χ : geo(x) →
{

1/2geo(s(x)), 1/2x
}

start: geo(0), target: s(0)

▶ cut ⌈t⌉n subterms at depth n
e.g., ⌈geo(s(s(0)))⌉2 = geo(s(x))

▶ states: all terms of height ≤ n

▶ actions (π, ℓ → µ):
enabled in t iff t|π unifies with ℓ

▶ transitions: narrowing + cut

▶ target Tn
t : states unifying with ⌈t⌉n

M2(Pgeo), start in ⌈geo(0)⌉2 = geo(0)

geo(0)

every edge applies (ε, χ)

0

1/2

1/2

s(x)

1/2

1/2

→P has infinitely many states (terms) ⇝ over-approximate it by the finite MDP Mn(P), n ∈ N
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the self-loop eventually escapes to s(x), hence 1/2 · 1 = 1/2 =⇒ geo(0) 99KPgeo

≤1/2 s(0)

over-approximates 1/4, because geo(s(x)) merges all geo(sk(0))!
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The n-Cut MDP Mn(P) (Larger n)

Pgeo: χ : geo(x) →
{

1/2geo(s(x)), 1/2x
}

start: geo(0), target: s(0)

▶ cut ⌈t⌉n subterms at depth n
e.g., ⌈geo(s(s(0)))⌉2 = geo(s(x))

▶ states: all terms of height ≤ n

▶ actions (π, ℓ → µ):
enabled in t iff t|π unifies with ℓ

▶ transitions: narrowing + cut

▶ target Tn
t : states unifying with ⌈t⌉n

M3(Pgeo), start in ⌈geo(0)⌉3 = geo(0)

geo(0)

0

geo(s(0))
1/2

1/2

s(0)

1/2

1/2

s(s(x))

1/2

1/2

Only one path reaches the target: 1/2 · 1/2 = 1/4 =⇒ geo(0) 99KPgeo

≤1/4 s(0) (the exact value!)

Soundness & Refinement

Pmax
Mn(P)(⌈s⌉n, T

n
t ) ≤ p =⇒ supσ Pmax(sσ →∗

P tσ) ≤ p, and larger n yields tighter bounds.
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Two Techniques for Upper Bounds

Goal: compute upper bounds s 99KP≤p t automatically

1. Markov Decision Processes

over-approximate →P by a finite MDP

read off bounds with model checkers

✓ 2. Interpretations

weight functions as ranking functions

bounds via the Stopping Theorem
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Upper Bounds via Ranking Functions (lifting [Yamada’22])

Prw: s(x) →
{

1/2x, 1/2s(s(x))
}

(symmetric random walk on N)

Weight function W : Σ → N, extended to terms: W (x) = x, W (f(t1, . . . , tn)) = W (f)+
∑

i W (ti)

Example: W (0) = 0, W (s) = 1 =⇒ W (sk(0)) = k

Idea: find a weight function W with (i) W (s) < W (t)

(ii) no rewrite step increases the weight in expectation

Supermartingale Condition – requirement (ii)

W (ℓ) ≥ EW (µ) =
∑k

i=1 pi ·W (ti) for all rules ℓ → µ = {p1t1, . . . ,
pktk} ∈ P

W (s(x)) = x+ 1 = 1/2 · x+ 1/2 · (x+ 2)︸ ︷︷ ︸
EW ({1/2x,

1/2s2(x)})

= x+ 1 ✓
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Upper Bounds via Ranking Functions (lifting [Yamada’22])

Prw: s(x) →
{

1/2x, 1/2s(s(x))
}

(symmetric random walk on N)

Weight function W : Σ → N, extended to terms: W (x) = x, W (f(t1, . . . , tn)) = W (f)+
∑

i W (ti)

Example: W (0) = 0, W (s) = 1 =⇒ W (sk(0)) = k

Idea: find a weight function W with (i) W (s) < W (t)

(ii) no rewrite step increases the weight in expectation
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Drifting Away from the Target

Prw: s(x) →
{

1/2x, 1/2s(s(x))
}

start: s3(0), target: s5(0)

W places all terms on the number line: start at W (s3(0)) = 3, target at W (s5(0)) = 5 > 3

one possible run:
0 1 2 3 4 5 6 7

start target

1/2

1/2

1/21/2

in expectation:
0 1 2 3 4 5 6 7

expected value stays at 3
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one possible run:
0 1 2 3 4 5 6 7

start target

1/2

1/2

1/21/2

in expectation:
0 1 2 3 4 5 6 7

expected value stays at 3

Drift argument:

stop every run once it reaches value ≥ 5 (this happens with probability p∗)

“Expected stopped value” ≥ p∗ · 5 + (1− p∗) · 0, and
“Expected stopped value” ≤ 3

=⇒ p∗ ≤ 3/5
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start target

1/2

1/2

1/21/2

in expectation:
0 1 2 3 4 5 6 7

expected value stays at 3

Drift argument: stop every run once it reaches value ≥ W (t) (this happens with probability p∗)

“Expected stopped value” ≥ p∗ ·W (t) + (1− p∗) · 0, and
“Expected stopped value” ≤ W (s)

=⇒ p∗ ≤ W (s)/W (t)
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Drifting Away from the Target

Prw: s(x) →
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one possible run:
0 1 2 3 4 5 6 7

start target

1/2
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1/21/2

in expectation:
0 1 2 3 4 5 6 7

expected value stays at 3

Upper Bound via Weight Functions

If W (t) ≥ W (s) and W (t) > 0, then Pmax(s →∗
P t) ≤ W (s)

W (t)
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Ranking Functions – Examples

Prw: s(x) →
{

1/2x, 1/2s(s(x))
}

weight function W (0) = 0, W (s) = 1

bound Pmax(s →∗
P t) ≤ W (s) /W (t) whenever W (t) ≥ W (s) > 0 and W supermartingale

Reach s3(0) from s(0): W (s(0)) = 1, W (s3(0)) = 3 =⇒ s(0) 99KPrw

≤1/3 s
3(0)

Reach s5(0) from s(0): W (s(0)) = 1, W (s5(0)) = 5 =⇒ s(0) 99KPrw

≤1/5 s
5(0)

Reach s5(x) from s3(x): W (s3(x)) = x+ 3 < x+ 5 =⇒ p = supn∈N (n+3)/(n+5) = 1

each fixed n gives n+3/n+5 < 1, but the bound must hold for every instantiation ⇝ sup = 1
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Conclusion

▶ Lifted reachability analysis from TRSs to probabilistic TRSs

▶ Reachability becomes quantitative: Pmax(s →∗
P t)

▶ Two techniques to compute upper bounds: s 99KP≤p t:

Via MDPs

cut + narrowing ⇝ finite MDP

tighter with larger cut height n

Via Ranking Functions

weight function + supermartingale

via the Stopping Theorem

Future Work

▶ Implement both techniques in AProVE and evaluate (use Storm for MDPs)

▶ Relate the two techniques

▶ Develop a modular framework for reachability analysis
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