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Random Walk

x← 3
while x > 0 do

x← x− 1⊕2/3 x← x+ 1;

bunny(s(x))

→
{
2/3 : bunny(x), 1/3 : bunny(s(s(x)))

}
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Terms represent arbitrary data structures, not just numbers:
[ 1, 2 ] = cons(s(0), cons(s(s(0)), nil))
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I Does the bunny (program) always reach the carrot (terminate)?

I What is the probability of reaching the carrot (probability of termination)?
I What is the expected number of steps it takes to reach the carrot (expected runtime)?
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Probabilistic Term Rewriting (PTRS)

Ptail: tail →
{

9
10 : tail, 1

10 : head
}

A rule maps a term to a distribution µ = {p1 : t1, . . . , pk : tk} with p1 + . . .+ pk = 1.
Probability of Termination:

|T| = 1/10

+ 9/10 · 1/10+ · · · = 1/10 ·
∑∞

n=0

(
9
10

)n
= 1

Expected Derivation Height:
edh(T) = 1

+ 9/10+(9/10)2 + · · · =
∑∞

n=0

(
9
10

)n
= 10

Almost-Sure Termination (AST)
P is AST if |T| = 1 for every T.

Positive AST (PAST) (PAST⇒ AST)

P is PAST if edh(T) is finite for every T.
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Proving vs. Disproving Termination

Proving AST / PAST of PTRSs X

I Ranking Functions
[Avanzini, Dal Lago, Yamada’20; …]

I Probabilistic Dependency Pairs
[Kassing, Spitzer, Giesl’25; …]

Disproving AST / PAST of PTRSs 7

(this talk)
I First automated method for PTRSs
I For imperative programs:

I Repulsing Supermartingales
[Chatterjee, Novotný, Žikelić’17]

I Fixpoints and Park Induction
[Takisaka, Oyabu, Urabe, Hasuo’21]

Deciding AST / PAST of PTRSs 7
I See VeriProP’26!
I For other formalism:

I Stochastic Context-Free Grammars / Recursive Markov Chains
[Etessami, Yannakakis’09; …]

I Restricted Probabilistic Higher-Order Recursion Schemes (PHORS)
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Disproving Termination of a TRS

Find t, context C, and substitution σ such that

t

C[tσ]

C[C[tσ]σ]

. . .

double(s(x))

s(double(s(s(x))))

s(s(double(s(s(s(x))))))

. . .

P ′
double: double(0) → 0

double(s(x)) → s(double(s(s(x))))
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Disproving AST and PAST of a PTRS

Disproving (P)AST of a PTRS (1.Idea):

Find t, C1, . . . , Ck, and σ1, . . . , σk such that

1 t

p1 C1[tσ1]

…

p3 Ck[tσk]

…
…
…
…
…
…

1 double(s(x))

1/2 s(double(s(s(x))))

1/2 s(s(double(s(x))))

P ′
double: double(0) → 0

double(s(x)) → {1/2 : s(double(s(s(x)))), 1/2 : s(s(double(s(x))))}

What is a “good” witness for probabilistic systems?
 embed suitable random walks
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Characterization of Random Walks

µ1(0) = 1
0 1 2

1

E = 0 (stuck)

Loop Walk µ1

=⇒ not AST and not PAST

µ2(−1) = 1/3

µ2(0) = 1/3

µ2(1) = 1/30 1 2

1/3

1/3

E = 0

1/3

Symmetric Random Walk µ2

=⇒ AST and not PAST

µ3(−1) = 1/3

µ3(1) = 2/30 1 2

2/3

E

1/3

Positively Biased Random Walk µ3

=⇒ not AST and not PAST

µ4(−1) = 2/3

µ4(1) = 1/30 1 2

1/32/3

E

Negatively Biased Random Walk µ4

=⇒ AST and PAST
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Disproving AST and PAST of a PTRS

Disproving (P)AST of a PTRS (2.Idea): Try to embed symmetric or positively biased random walks

P Computation

1 g(x)

1/2 x 1/2 f(x)

1/2 g(g(x))

Symmetric Random Walk µ

µ(−1) = 1/2

µ(1) = 1/2

0 1 2

1/21/2
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Counting Term Occurrences

I Find the maximal number t occurs in s (denoted maxNO(t, s))

I Only count non-overlapping occurrences!

maxNO(t, s) = αs = αs17 = 3

Subterm s′ C s maxNO(t, s′)

s1–s11 0
s12–s13 1
s14 2
s15 2
s16 3
s17 3

t
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a f

a x
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a
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a f
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f f

a f a f

a a a a
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Construct the Infinite Computation
Theorem: Embedding Random Walks

P a PTRS, t a linear term, and a (finite) computation T starting with t.
If (?) holds, then P is not (P)AST.

linear = every variable occurs at most once: g(s(x)) X f(x, x) 7

(?)
∑

v∈Leaf(T)

pv ·maxNO(t, tv)︸ ︷︷ ︸
expected number of t-occurrences after performing T

1
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How to Find Such Computations and Random Walks?

1. Find loop in np(P) [Giesl & Thiemann & Schneider-Kamp’05]

2. Reconstruct computation 3. Rewrite...

P: g(x) → {1/3 : a(x), 1/3 : b(x), 1/3 : c(x)}
a(x) → {1 : g(x)} b(x) → {1 : g(g(x))} c(x) → {1 : x}

np(P): g(x) → a(x) g(x) → b(x) g(x) → c(x)

a(x) → g(x) b(x) → g(g(x)) c(x) → x

np(P) LoopP Computation
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Evaluation

I Implemented in AProVE.
I Benchmarks: all 138 PTRSs of the Termination Competition + 20 new examples = 158.

disproved Loop Walks Occ. (1) Occ. (2) Occ. (3) Patterns AProVE

not-AST 8 (2) 17 (3) 18 (4) 16 (3) 12 (5) 24 (8)

not-PAST 8 (2) 33 (7) 34 (8) 28 (6) 30 (8) 49 (14)

Occ. (1) = counting linear, non-overlapping term occurrences, presented in this talk
Occ. (2) = counting nvd, non-overlapping term occurrences

Occ. (3) = counting orthogonal term occurrences

I Each version of counting terms solves examples that none of the others can.
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Conclusion

I First automated technique to disprove AST and PAST of PTRSs.

I Idea: embed non-terminating random walks into a computation.
(symmetric ⇒ not PAST, positively biased ⇒ not AST)

I What to count? count non-overlapping term occurrences

I Just 1 of 4 ways to count in the paper and each disproves examples the others cannot.

I Finding witnesses: reuse any loop-detection technique for the non-probabilistic system.

I Implemented in AProVE (no prior tool could do this for PTRSs).
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