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Random Walk

T4+ 3 /

while z > 0 do I B B
L T =1 Dy x e a+1; 3 k3 —~

0 1 2 3 4 5
bunny(s(x))
— {2/3: bunny(z),1/3 : bunny(s(s(x)))}. ‘ ‘
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0 1 2 3 4 5
bunny(s(x))
—{?/3 ‘Qy(i), /3 bunny(s(s(x)))}‘ ‘ ‘

This Talk!
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Random Walk
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bunny(s(x))
— {2/3: bunny(z), 1/3 : bunny(s . ‘ ‘

Terms represent arbitrary data structures, not just numbers:
[1,2] = cons(s(0), cons(s(s(0)), nil))
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» Does the bunny (program) always reach the carrot (terminate)?
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> What is the probability of reaching the carrot (probability of termination)?
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Random Walk
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2/3 1/3 2/3 1/3 2/3
3 k3 k——

~

bunny(s(x))
— {2/3: bunny(z), 1/3 : bunny(s . ‘ ‘

» Does the bunny (program) always reach the carrot (terminate)?
> What is the probability of reaching the carrot (probability of termination)?

> What is the expected number of steps it takes to reach the carrot (expected runtime)?
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Probabilistic Term Rewriting (PTRS)

Prail: tail — {3 : tail, & : head}
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Probabilistic Term Rewriting (PTRS)

Prail: tail = {3 : tail, & : head}

A rule maps a term to a distribution = {py : t1,...,pg : tp} with py + ...+ pp = 1.
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Prail: tail — {3 : tail, & : head}

A rule maps a term to a distribution = {py : t1,...,pg : tp} with py + ...+ pp = 1.
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Probabilistic Term Rewriting (PTRS)

Prail: tail — {3 : tail, & : head}

A rule maps a term to a distribution = {py : t1,...,pg : tp} with py + ...+ pp = 1.

© [ ]l

|9/10 | tail | 1/10 | head |
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Probabilistic Term Rewriting (PTRS)

Prail: tail — {3 : tail, & : head}

A rule maps a term to a distribution = {py : t1,...,pg : tp} with py + ...+ pp = 1.

© [ ]l

|9/10 | tail | | 1/10 | head |
~

| (9/10) | tail | |9/100 | head |

3 Disproving (P)AST of Probabilistic Term Rewriting, J.-C. Kassing, H. Nagel, A. Schlecht, J. Giesl



Probabilistic Term Rewriting (PTRS)

Prail: tail — {3 : tail, & : head}

A rule maps a term to a distribution = {py : t1,...,pg : tp} with py + ...+ pp = 1.

© [ ]l

|9/10 | tail | | 1/10 | head |
~

| (9/10 | tail | |9/100 | head |
X/
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Probabilistic Term Rewriting (PTRS)

Prail: tail — {3 : tail, & : head}

A rule maps a term to a distribution = {py : t1,...,pg : tp} with py + ...+ pp = 1.
Probability of Termination:

|9/10 | tail | |1/10 l headl

T =1/10

| (9/10)2 | tail | |9/100 | head |
VAN,
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Probabilistic Term Rewriting (PTRS)

Prail: tail — {3 : tail, & : head}

A rule maps a term to a distribution = {py : t1,...,pg : tp} with py + ...+ pp = 1.
Probability of Termination:

|9/10 | tail | |1/10 l headl

|T] = 1/10+9/10 - 1/10

| (9/10)2 | tail | |9/100 | headl
VaRY
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Probabilistic Term Rewriting (PTRS)

Prail: tail — {3 : tail, & : head}

A rule maps a term to a distribution = {py : t1,...,pg : tp} with py + ...+ pp = 1.
Probability of Termination:

|9/10 | tail | |1/10 l headl

151 = Yo+ 910+ 110+ = 110 T ()" =1

| (9/10)2 | tail | |9/100 | headl
VaRY
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Probabilistic Term Rewriting (PTRS)

Prail: tail — {3 : tail, & : head}

A rule maps a term to a distribution = {py : t1,...,pg : tp} with py + ...+ pp = 1.
Probability of Termination:
, T 1] ail
%] = 110+910- 110+ =1/10-50°  (5)" =1 B

. L [9/10] tail| {1/10] head |
Expected Derivation Height: T

edh(%) =1 | (9/10)2 |tai| | |9/100 | head|
VAR,
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Probabilistic Term Rewriting (PTRS)

Prail: tail — {3 : tail, & : head}

A rule maps a term to a distribution = {py : t1,...,pg : tp} with py + ...+ pp = 1.
Probability of Termination:
, T 1] ail
%] = 110+910- 110+ =1/10-50°  (5)" =1 B

_ . [9/10] tail| |1/10] head |
Expected Derivation Height: T~

edh(%) = 14910 | (9/10)2 | tail | |9/100 | head |
VAR
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Probabilistic Term Rewriting (PTRS)

Prail: tail — {3 : tail, & : head}

A rule maps a term to a distribution = {py : t1,...,pg : tp} with py + ...+ pp = 1.
Probability of Termination:

o [1 ] il

1 = Y10+ 90 104+ = 110 Y24 ()" = 1
|9/1o | tai|| | 1/10 | head |

Expected Derivation Height: o~
edh(%) = 1+9/10+ (9/10)? | (9/10)2 | tail | | 9/100 | head |
VAR,
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Probabilistic Term Rewriting (PTRS)

Ptail: tail — {19—0

A rule maps a term to a distribution = {py : t1,...,pk

Probability of Termination:

151 = Yo+ 910+ 110+ = 110 T ()" =1

Expected Derivation Height:
edh(T) = 1+910+ (%10)% + - =>°° (%)n =10

n=0

. 1.
tail, 75 : head}

ctptwithpr + ...+ pp =1

o [1 ] il

[9/20] tail] [1/10] head |
Ny
|(9/10)2 |tai|| |9/100 | head|
VARV

3 Disproving (P)AST of Probabilistic Term Rewriting, J.-C. Kassing, H. Nagel, A. Schlecht, J. Giesl



Probabilistic Term Rewriting (PTRS)

Prail: tail — {3 : tail, & : head}

A rule maps a term to a distribution = {py : t1,...,pg : tp} with py + ...+ pp = 1.
Probability of Termination:

0 [1 ] il

%] = 110+910- 110+ =1/10-50°  (5)" =1

Expected Derivation Height: I|;/10|tﬂ [/10] head |

edh(T) = 14910+ (9102 4+ =30 [ (3)" =10 [©/10)2 [ ail|  [9/100 [ head]
VAR,

Almost-Sure Termination (AST)
P is AST if |T| =1 for every ¥.
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Probabilistic Term Rewriting (PTRS)

Prail: tail — {3 : tail, & : head}

A rule maps a term to a distribution = {py : t1,...,pg : tp} with py + ...+ pp = 1.
Probability of Termination:

n ‘3:: 1 -I
|| = 1104910 104 =110-307  (5F)" =1 [ L]
© i 1
Expected Derivation Height: Il//10|tﬂ| /10 | head'
edh(T) = 14910+ (%102 +--- =37, (%)n =10 |(9/10)2 |tai|| |9/100 | head |
VAR

Almost-Sure Termination (AST) Positive AST (PAST) (PAST => AST)
P is AST if || =1 for every %. P is PAST if edh(%) is finite for every .
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Proving vs. Disproving Termination

Proving AST / PAST of PTRSs v
» Ranking Functions
[Avanzini, Dal Lago, Yamada'20; ..]

» Probabilistic Dependency Pairs
[Kassing, Spitzer, Gies|'25; ..]
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» Ranking Functions (this talk)

[Avanzini, Dal Lago, Yamada'20; ..] » First automated method for PTRSs
» Probabilistic Dependency Pairs > For imperative programs:
[Kassing, Spitzer, Gies|'25; ..] ’
» Repulsing Supermartingales
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Proving vs. Disproving Termination

Proving AST / PAST of PTRSs v Disproving AST / PAST of PTRSs X

» Ranking Functions (this talk)

[Avanzini, Dal Lago, Yamada'20; ..] > First automated method for PTRSs
» Probabilistic Dependency Pairs

» For imperative programs:
[Kassing, Spitzer, Gies|'25; ..] P Prog

» Repulsing Supermartingales
[Chatterjee, Novotny, Zikeli¢'17]
» Fixpoints and Park Induction
[Takisaka, Oyabu, Urabe, Hasuo'21]
Deciding AST / PAST of PTRSs X
» See VeriProP'26!

» For other formalism:

» Stochastic Context-Free Grammars / Recursive Markov Chains
[Etessami, Yannakakis'09; ..]

» Restricted Probabilistic Higher-Order Recursion Schemes (PHORS)
[Dal Lago, Fiorillo, Pistone’26; ...
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Disproving Termination of a TRS

Find t, context C, and substitution o such that
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Disproving Termination of a TRS

Find t, context C, and substitution o such that

t

|

Clto]
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Disproving Termination of a TRS

Find t, context C, and substitution o such that

t
|
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Disproving Termination of a TRS

Find t, context C, and substitution o such that

t
|

1

Ploubie: double(0) — 0
double(s(z)) — s(double(s(s(x))))
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Disproving Termination of a TRS

Find t, context C, and substitution o such that

t double(s(z))
| !
Clto] s(double(s(s(x))))
1 1
C[C[to]o] s(s(double(s(s(s(2))))))

! i

Ploubie: double(0) — 0
double(s(z)) — s(double(s(s(x))))
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Disproving Termination of a TRS

Find t, context C, and substitution o such that

t double(s(z))
| !
Clto] s(double(s(s())))
1 1
C[Cltolo] 5(s(double(s( )))
| |
Pllouble’ double(0) — 0

double(s(z)) — s(double(s(s(x))))
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Disproving AST and PAST of a PTRS

Disproving (P)AST of a PTRS (1.ldea):
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Disproving AST and PAST of a PTRS

Disproving (P)AST of a PTRS (1.ldea): Find ¢, Cy,...,Cy, and o1,..., 0y such that

S
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Disproving AST and PAST of a PTRS

Disproving (P)AST of a PTRS (1.ldea): Find ¢, Cy,...,Cy, and o1,..., 0y such that

S

| C ) S
double(0) — 0
double(s(z)) — {1/2: s(double(s(s(x)))), /2 : s(s(double(s(z))))}

/ .
Pdouble'
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Disproving AST and PAST of a PTRS

Disproving (P)AST of a PTRS (1.ldea): Find ¢, C4,...,Cy, and o1, ..., 0k such that

S

77777777 )..-:::::::___)“_

| 2 E S

double(0) — 0
double(s(z)) — {1/2

/ .
Pdouble'

g —>| /2 | s(double(s(s(z)))) |

/
/

double(s(z)) | £

\
\

{12 Ts(s(double(s(2)))) |

: s(double(s(s(x)))), /2 : s(s(double(s(z))))}
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Disproving AST and PAST of a PTRS

Disproving (P)AST of a PTRS (1.ldea): Find ¢, C4,...,Cy, and o1, ..., 0k such that

S

77777777 )..-:::::::___)“_

| ) S

double(0) — 0
double(s(z)) — {1/2

/ .
Pdouble'

g —>| /2 | s(double(s(s(2)))) |

/
/

double(s(z)) | £

\
\

\\_)| 1/ | s(s(double(s()))) |

: s(double(s(s(x)))), /2 : s(s(double(s(z))))}
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Disproving AST and PAST of a PTRS

Disproving (P)AST of a PTRS (1.ldea): Find ¢, C4,...,Cy, and o1, ..., 0k such that

S ]2 ] s(double(s- ()

- /
_ > 7

,,,,,,,, > w=zz2II11TTT double(s(:z:)) {

~ \

~ \

oo : : R ~>| 1/2 | s(s(double(s(1)))) |

double(0) — 0
double(s(z)) — {1/2: s(double(s(s(x)))), /2 : s(s(double(s(z))))}

/ .
Pdouble'

What is a “good” witness for probabilistic systems?

~~ embed suitable
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Characterization of Random Walks

DY -.1
q5 pi(0) = 1
-0—¢ 2—
E = 0 (stuck)
Loop Walk 11
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Characterization of Random Walks

DY -.1
q5 pi(0) = 1
-0—¢ 2—
E = 0 (stuck)
Loop Walk 11
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Characterization of Random Walks

1 g ‘1~/31 wa(=1) =1
I 11(0) = 1 HPRARI AN p2(0) = 1/3
Z0——1 5y 00— 1 —7=2— p2(1) = s
E — 0 (stuck) DEET
Loop Walk 11 Symmetric Random Walk po

=
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Characterization of Random Walks

| A pa(~1) =1
[ NN | 1/
353‘ Ly 11(0) =1 i L/Jy/x p2(0) =1/3
Z0——1 5y 00— 1 —7=2— p2(1) = s
E — 0 (stuck) DEET
Loop Walk 11 Symmetric Random Walk po
— Ein
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Characterization of Random Walks

1 /3 p2(=1) =1/
e s 2 1/
353‘ Ly p(0) =1 1 /JV/JA H2(0) = /s
Lo—1 2— 2= 1) =
E = 0 (stuck) T
Loop Walk 11 Symmetric Random Walk po
— Ein
2/3 ps(—1) =1/3
_0__A2_) /1/3(1):2/3
—_—
E

Positively Biased Random Walk p3
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Characterization of Random Walks

1 /s p2(=1) =1/3
e 1/3 % 1/
3;3‘ Ly p1(0) =1 i /dy/ﬁ p2(0) = 1/3
R (P 44 AR )=
E = 0 (stuck) E—0
Loop Walk 11 Symmetric Random Walk po
— Ein
2/3 ps(—1) =1/
_0__A2_) /1/3(1):2/3
_— >
E
Positively Biased Random Walk p3
—
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Characterization of Random Walks

1 s pa(—1) = 1/3
I 1 (0) = 1 RO AN p2(0) = 1/a
Z0—1 — “0—1—2— p2(1) =1/3

E = 0 (stuck) T’
Loop Walk 1 Symmetric Random Walk 12
— -
2/3 ps(—1) =1/ 23 /3 pa(=1) =23
_0_ _A2_> /1/3(1) :2/3 _OL_l_A2_> M4(1):1/3
E E
Positively Biased Random Walk p3 Negatively Biased Random Walk 14
—
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Characterization of Random Walks

1 /3 p2(=1) =1/3
i 1/3 % 1/:
fff‘ 2 ,UI(O) =1 N /dV/JA p2(0) =1/3
Z0——1 5y 00— 1 —7=2— p2(1) = s
E = 0 (stuck) T’
Loop Walk 1 Symmetric Random Walk 12
— Ein
%/3 ps(=1) =1/ 23 s pa(=1) =2/
S ()= g A o (1) = s
EEEE—— B S
E E
Positively Biased Random Walk p3 Negatively Biased Random Walk 14
et et

Disproving (P)AST of Probabilistic Term Rewriting, J.-C. Kassing, H. Nagel, A. Schlecht, J. Giesl



Disproving AST and PAST of a PTRS

Disproving (P)AST of a PTRS (2.ldea): Try to embed symmetric or positively biased random walks
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Disproving AST and PAST of a PTRS

Disproving (P)AST of a PTRS (2.ldea): Try to embed symmetric or positively biased random walks

P Computation Symmetric Random Walk p
1]g(x) 1/s 1/3
Lt /A
—0 1 2—>
a2z ;
u(=1) =1/2
(1) =1/2

2(5(®)
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Disproving AST and PAST of a PTRS

Disproving (P)AST of a PTRS (2.lIdea): Try to embed or random walks

P Computation 1 Computation Symmetric Random Walk p

2(5(®)

8 Disproving (P)AST of Probabilistic Term Rewriting, J.-C. Kassing, H. Nagel, A. Schlecht, J. Giesl



Disproving AST and PAST of a PTRS

Disproving (P)AST of a PTRS (2.lIdea): Try to embed or

P Computation e 1 Computation Symmetric Random Walk p

= 1/
[7-]e@) =

random walks
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Disproving AST and PAST of a PTRS

Disproving (P)AST of a PTRS (2.lIdea): Try to embed or

P Computation e 1 Computation Symmetric Random Walk p

= 1/
[7-]e@) =

random walks
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Disproving AST and PAST of a PTRS

Disproving (P)AST of a PTRS (2.lIdea): Try to embed

P Computation e 11 Computation

[ ]ee@) - ---~""

or

Symmetric Random Walk p

random walks
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Disproving AST and PAST of a PTRS

Disproving (P)AST of a PTRS (2.lIdea): Try to embed or random walks

P Computation e /v Computation Symmetric Random Walk p
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Disproving AST and PAST of a PTRS

Disproving (P)AST of a PTRS (2.lIdea): Try to embed or random walks

P Computation e /v Computation Symmetric Random Walk p
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Counting Term Occurrences

> Find the maximal number ¢ occurs in s (denoted maxNO(t, s))
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Counting Term Occurrences

» Find the maximal number ¢ occurs in s (denoted maxNO(t, s))

» Only count non-overlapping occurrences!

Subterm s’ <s  maxNO(t,s") t

/A
/\

S
s17
.F
S9 / \ S16
a f
S8 / \ 515
a f
ST /N S14
a f
S$13 7N\ s12
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a f a f
SN TN
a a a a
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Counting Term Occurrences

» Find the maximal number ¢ occurs in s (denoted maxNO(t, s))

» Only count non-overlapping occurrences!

S
fs”
S9 / \ 516
Subterm s’ <s  maxNO(t,s") t a f
S8 / \ 515
S$1—S11 0 a f
f s /0N e
/A a f
a /f\ smf/ \fsm
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a f a f
6N N
DO O6E

9 Disproving (P)AST of Probabilistic Term Rewriting, J.-C. Kassing, H. Nagel, A. Schlecht, J. Giesl il



Counting Term Occurrences

» Find the maximal number ¢ occurs in s (denoted maxNO(t, s))

» Only count non-overlapping occurrences!

S
s17
.F
S9 / \ 516
Subterm s’ <s  maxNO(t,s") t a f
S8 / \ S15
$1=S11 0 f a f
512513 1 /N v a/ \f o
a f a5 /N s
/ \ 13 f f‘ 12
@ I\ sl \ e
a f a f
/N %N
a a a a

9 Disproving (P)AST of Probabilistic Term Rewriting, J.-C. Kassing, H. Nagel, A. Schlecht, J. Giesl il



Counting Term Occurrences

» Find the maximal number ¢ occurs in s (denoted maxNO(t, s))

» Only count non-overlapping occurrences!

S
s17
f
S9 / \ 516
Subterm s’ <s  maxNO(t,s") t a f
S8 / \ S15
$1=S11 0 f a f
512513 1 /N v a/ \f o
514 2 a f /N
$13 S12
/\ f f
@ I\ sl \ ero
a f a f
/N %N
a a a a

9 Disproving (P)AST of Probabilistic Term Rewriting, J.-C. Kassing, H. Nagel, A. Schlecht, J. Giesl il



Counting Term Occurrences

» Find the maximal number ¢ occurs in s (denoted maxNO(t, s))

» Only count non-overlapping occurrences!

S
s17
.F
S9 / \ 516
Subterm s’ <s  maxNO(t,s") t a f
S8 / \ S15
$1=S11 0 f a f
512513 1 /N v a/ \f o
S14 2 a f / N\
$13 S12
515 2 /\ £t
@ I\ sl \ ero
a f a f
LN RN
a a a a

9 Disproving (P)AST of Probabilistic Term Rewriting, J.-C. Kassing, H. Nagel, A. Schlecht, J. Giesl il



Counting Term Occurrences

» Find the maximal number ¢ occurs in s (denoted maxNO(t, s))

» Only count non-overlapping occurrences!

S
s17
.F
S9 / \ 516
Subterm s’ <s  maxNO(t,s") t a f
S8 / \ S15
$1=S11 0 f a f
512513 1 /N \ a/ \f o
S14 2 a f
sis /N sio
515 2 /\ £t
S16 3 a /\ 511/\ s10
a f a f
LN RN
a a a a

9 Disproving (P)AST of Probabilistic Term Rewriting, J.-C. Kassing, H. Nagel, A. Schlecht, J. Giesl I



Counting Term Occurrences

» Find the maximal number ¢ occurs in s (denoted maxNO(t, s))

» Only count non-overlapping occurrences!

S
s17
f
S9 / \ 516
Subterm s’ <s  maxNO(t,s") t a f
58 / \ 515
81811 0 f a f
512513 1 /N v a/ \f o
S14 2 a f
sis /N sio
S15 2 /\ f f
S16 3 a /\ 511/\ s10
517 3 a f a f
/N %N
a a a a

9 Disproving (P)AST of Probabilistic Term Rewriting, J.-C. Kassing, H. Nagel, A. Schlecht, J. Giesl il



Counting Term Occurrences

» Find the maximal number ¢ occurs in s (denoted maxNO(t, s))

» Only count non-overlapping occurrences!

S
maxNO(t,8) = a5 = ag,, =3 f o
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81811 0 f a f
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Theorem: Embedding Random Walks
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Construct the Infinite Computation

Theorem: Embedding Random Walks
P a PTRS, t a linear term

linear = every variable occurs at most once:  g(s(z)) v/
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Construct the Infinite Computation

Theorem: Embedding Random Walks

P a PTRS, t a linear term, and a (finite) computation T starting with t.
If (%) holds, then P is not (P)AST.

linear = every variable occurs at most once:  g(s(z)) v/ f(xz,z) X
(%) Z Py - maxNO(t, t,,) > 1
veELeaf(T)

expected number of t-occurrences after performing ¥
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How to Find Such Computations and Random Walks?

1. Find loop in np(P) [Giesl & Thiemann & Schneider-Kamp'05]
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How to Find Such Computations and Random Walks?

1. Find loop in np(P) [Giesl & Thiemann & Schneider-Kamp'05]
2. Reconstruct computation

P:

np(P):
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Evaluation

» Implemented in AProVE.

» Benchmarks: all 138 PTRSs of the Termination Competition + 20 new examples = 158.

disproved Loop Walks Occ.(1) Occ.(2) Occ.(3) Patterns AProVE

1

not-AST 8(2) 1
not-PAST 8(2) 3:

(3)  18(4)  16(3)  12(5) 24 (8)
(7)  34(8)  28(6)  30(8) 49 (14)

W =~

Occ. (1) = counting linear, non-overlapping term occurrences, presented in this talk
Occ. (2) = counting nvd, non-overlapping term occurrences
Occ. (3) = counting orthogonal term occurrences
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Evaluation

» Implemented in AProVE.

» Benchmarks: all 138 PTRSs of the Termination Competition + 20 new examples = 158.

disproved Loop Walks Occ.(1) Occ.(2) Occ.(3) Patterns AProVE

not-AST 8(2) 17(3)  18(4)  16(3)  12(5) 24 (8)
not-PAST 8(2) 33(7) 34(8)  28(6)  30(8) 49 (14)

Occ. (1) = counting linear, non-overlapping term occurrences, presented in this talk
Occ. (2) = counting nvd, non-overlapping term occurrences
Occ. (3) = counting orthogonal term occurrences

» Each version of counting terms solves examples that none of the others can.
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(symmetric = not PAST, positively biased = not AST)
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Conclusion

» First automated technique to disprove AST and PAST of PTRSs.

» Idea: embed non-terminating random walks into a computation.
( = not PAST, = not AST)

» What to count? count non-overlapping term occurrences

» Just 1 of 4 ways to count in the paper and each disproves examples the others cannot.

» Finding witnesses: reuse any loop-detection technique for the non-probabilistic system.

> ﬁAPVEooI could do this for PTRSS).

13 Disproving (P)AST of Probabilistic Term Rewriting, J.-C. Kassing, H. Nagel, A. Schlecht, J. Giesl




	Motivation
	Disproving (P)AST of Probabilistic Term Rewriting

