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while z > 0 do 0 1 5 3 4 5

| zr-1@yprea+1;
» Does the bunny (program) always reach the carrot (terminate)?
> What is the probability of reaching the carrot (probability of termination)?

> What is the expected number of steps it takes to reach the carrot (expected runtime)?
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Given input s € X and solution set S C X.

» If P on s returns True,
then s € S with probability p > /2.

» If P on s returns False,
then s ¢ S with probability 1.

3 Automatically Analyzing Probabilistic Programs, J.-C. Kassing



Different Types of Probabilistic Programs

Monte Carlo Algorithms Las Vegas Algorithms

» Output may be incorrect » Qutput always correct
(with a low probability)

Monte Carlo Algorithm P
Given input s € X and solution set S C X.

» If P on s returns True,
then s € S with probability p > /2.

» If P on s returns False,
then s ¢ S with probability 1.

3 Automatically Analyzing Probabilistic Programs, J.-C. Kassing



Different Types of Probabilistic Programs

Monte Carlo Algorithms Las Vegas Algorithms

» Output may be incorrect » Qutput always correct
(with a low probability)

» Uses probabilities to prevent impactful
worst-case performances

Monte Carlo Algorithm P
Given input s € X and solution set S C X.

» If P on s returns True,
then s € S with probability p > /2.

» If P on s returns False,
then s ¢ S with probability 1.

3 Automatically Analyzing Probabilistic Programs, J.-C. Kassing



Different Types of Probabilistic Programs

Monte Carlo Algorithms

» Qutput may be incorrect
(with a low probability)

Monte Carlo Algorithm P

Given input s € X and solution set S C X.

» If P on s returns True,
then s € S with probability p > /2.

» If P on s returns False,
then s ¢ S with probability 1.

Las Vegas Algorithms

» Output always correct

» Uses probabilities to prevent impactful
worst-case performances

Las Vegas Algorithm P
Given input s € X and solution set S C X.

» If P on s returns True,
then s € S with probability 1.

» If P on s returns False,
then s ¢ S with probability 1.

3 Automatically Analyzing Probabilistic Programs, J.-C. Kassing



Different Types of Probabilistic Programs

Monte Carlo Algorithms

» Qutput may be incorrect
(with a low probability)

Monte Carlo Algorithm P

Given input s € X and solution set S C X.

» If P on s returns True,
then s € S with probability p > /2.

» If P on s returns False,
then s ¢ S with probability 1.

Las Vegas Algorithms

» Output always correct

» Uses probabilities to prevent impactful
worst-case performances

Las Vegas Algorithm P
Given input s € X and solution set S C X.

» If P on s returns True,
then s € S with probability 1.

» If P on s returns False,
then s ¢ S with probability 1.

3 Automatically Analyzing Probabilistic Programs, J.-C. Kassing



Testing Polynomials to be Zero in Finite Fields

Polynomial Zero Testing

Given: p(x1,...,2,) € Flzn, ..., 2x)

Problem: plai,...,a,) =0 for all (ay,...,a,) € Fy?

4 Automatically Analyzing Probabilistic Programs, J.-C. Kassing



Testing Polynomials to be Zero in Finite Fields

Polynomial Zero Testing

Given: p(x1,...,2,) € Flzn, ..., 2x)

Problem: plai,...,a,) =0 for all (ay,...,a,) € Fy?

Deterministic Algorithm:

4 Automatically Analyzing Probabilistic Programs, J.-C. Kassing



Testing Polynomials to be Zero in Finite Fields

Polynomial Zero Testing

Given: p(x1,...,2,) € Flzn, ..., 2x)
Problem: plai,...,a,) =0 for all (ay,...,a,) € Fy?

Deterministic Algorithm:

Try out all possible combinations for (ai,...,a,) € Fy and check p(ai,. ..

) = 0.

4 Automatically Analyzing Probabilistic Programs, J.-C. Kassing



Testing Polynomials to be Zero in Finite Fields

Polynomial Zero Testing
Given: p(x1,...,2,) € Flzn, ..., 2x)
Problem: plai,...,a,) =0 for all (ay,...,a,) € Fy?

Deterministic Algorithm:

Try out all possible combinations for (ai,...,a,) € Fy and check p(ai, ...

= Runs in O(¢").

) = 0.

4 Automatically Analyzing Probabilistic Programs, J.-C. Kassing



Testing Polynomials to be Zero in Finite Fields

Polynomial Zero Testing

Given: p(x1,...,2,) € Flzn, ..., 2x)
Problem: plai,...,a,) =0 for all (ay,...,a,) € Fy?

Deterministic Algorithm:

Try out all possible combinations for (ai,...,a,) € Fy and check p(ai, ...

= Runs in O(¢").

Monte Carlo Algorithm:

) = 0.

4 Automatically Analyzing Probabilistic Programs, J.-C. Kassing



Testing Polynomials to be Zero in Finite Fields

Polynomial Zero Testing

Given: p(x1,...,2,) € Flzn, ..., 2x)
Problem: plai,...,a,) =0 for all (ay,...,a,) € Fy?

Deterministic Algorithm:
Try out all possible combinations for (ai,...,a,) € Fy and check p(ai,...,a,) =0.
= Runs in O(¢").

Monte Carlo Algorithm:
Pick (a1,...,a,) € Fy at random and check p(ai,...,a,) =0.

4 Automatically Analyzing Probabilistic Programs, J.-C. Kassing



Testing Polynomials to be Zero in Finite Fields

Polynomial Zero Testing
Given: p(x1,...,2,) € Flzn, ..., 2x)
Problem: plai,...,a,) =0 for all (ay,...,a,) € Fy?

Deterministic Algorithm:
Try out all possible combinations for (ai,...,a,) € Fy and check p(ai,...,a,) =0.
= Runs in O(¢").

Monte Carlo Algorithm:
Pick (a1,...,a,) € Fy at random and check p(ai,...,a,) =0.
= Runs in O(1).

4 Automatically Analyzing Probabilistic Programs, J.-C. Kassing



Testing Polynomials to be Zero in Finite Fields

Polynomial Zero Testing

Given: p(x1,...,2,) € Flzn, ..., 2x)

Problem: plai,...,a,) =0 for all (ay,...,a,) € Fy?
Deterministic Algorithm:

Try out all possible combinations for (ai,...,a,) € Fy and check p(ai,...,a,) =0.
= Runs in O(¢").

Monte Carlo Algorithm:
Pick (a1,...,a,) € Fy at random and check p(ai,...,a,) =0.
= Runs in O(1).

> If p(ay,...,a,) # 0, then return False.

This is correct with probability 1.

4 Automatically Analyzing Probabilistic Programs, J.-C. Kassing



Testing Polynomials to be Zero in Finite Fields

Polynomial Zero Testing

Given: p(x1,...,2,) € Flzn, ..., 2x)
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Try out all possible combinations for (ai,...,a,) € Fy and check p(ai,...,a,) =0.
= Runs in O(¢").
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Pick (a1,...,a,) € Fy at random and check p(ai,...,a,) =0.
= Runs in O(1).

» If p(ay,...,a,) # 0, then return False. » If p(ai,...,an) =0, then return True.
This is correct with probability 1. This is correct with probability > %,
where d is the degree of p(x1,...,x,).
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Different Types of Probabilistic Programs

Monte Carlo Algorithms Las Vegas Algorithms
» Output may be incorrect » OQutput always correct
(with a low probability)
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worst-case performances

Monte Carlo Algorithm P Las Vegas Algorithm P
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Order Natural Numbers
Given: T1,...,Tp €N
Problem: Find a bijective function f: [1,n] — [I,n]s. t. 251y < ... <24y
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» Combine the two solutions and place z in between.
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Probabilistic Quicksort

Order Natural Numbers

Given: T1,...,Tp €N

Problem: Find a bijective function f: [1,n] = [I,n]s. t. 25y < ... <@gy
Las Vegas Algorithm:

» Pick pivot element at random and split the list into L = {x; | z; < 21} and R = {z; | x; > x1}.
» Solve the problem for L and R recursively.
» Combine the two solutions and place z in between.

— Expected runtime in O(n - log(n)).
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Two Important Questions

1. What are applications of probabilistic programs? Why are they interesting?

2. How to analyze probabilistic programs?

» Prove and disprove termination with probability 1
» Derive upper expected runtime bounds

7 Automatically Analyzing Probabilistic Programs, J.-C. Kassing



Two Important Questions

1. What are applications of probabilistic programs? Why are they interesting?

» Increase the expected worst-case runtime

2. How to analyze probabilistic programs?

» Prove and disprove termination with probability 1
» Derive upper expected runtime bounds

7 Automatically Analyzing Probabilistic Programs, J.-C. Kassing



Two Important Questions

1. What are applications of probabilistic programs? Why are they interesting?

» Increase the expected worst-case runtime

2. How to analyze probabilistic programs?

» Prove and disprove termination with probability 1
» Derive upper expected runtime bounds

7 Automatically Analyzing Probabilistic Programs, J.-C. Kassing



Termination and Complexity Analysis for Programs




Termination and Complexity Analysis for Programs

Haskell



Termination and Complexity Analysis for Programs

Symbolic
Execution
Graph

Haskell

Front-End



Termination and Complexity Analysis for Programs

Symbo_lic TRS
Execution
Graph ITS
Haskell
Back-End

Front-End



Termination and Complexity Analysis for Programs

ITS

Symbolic
Execution
Graph

Haskell

Front-End Back-End



Termination and Complexity Analysis for Programs

Symbolic
Execution
Graph

Haskell

Front-End Back-End

8 Automatically Analyzing Probabilistic Programs, J.-C. Kassing



Termination and Complexity Analysis for Programs

Symbolic
Execution
Graph

Haskell

Front-End Back-End

> language-specific features when generating symbolic execution graph

8 Automatically Analyzing Probabilistic Programs, J.-C. Kassing



Termination and Complexity Analysis for Programs

Symbolic

TRS

Execution
Graph

Haskell

ITS

e

Front-End

Back-End

> language-specific features when generating symbolic execution graph

» back-end analyzes Term Rewrite Systems and/or Integer Transition Systems
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Complexity of TRSs
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Proving Termination

Rdouble: double(O) — 0
double(s(x)) — s(s(double(z)))
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Natural & Monotonic Polynomial Interpretation Z
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Proving Termination

Rdouble: doubIe(O) — 0
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To=1 () =z +1 Taowble() =22+ 1

Proving Termination With Natural & Monotonic Z [Lankford'79]
R is terminating if for all rules ¢ — 7 : Z(¢) > Z(r)
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Proving Termination

Redouble: Z(double(0)) > Z(0)
Z(double(s(z))) > Z(s(s(double(x))))

To=1 I(x) =z +1 Ldouble(x) = 22+ 1

Proving Termination With Natural & Monotonic Z [Lankford'79]
R is terminating if for all rules ¢ — 7 : Z(¢) > Z(r)
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Proving Termination

Rdouble: 2-7(0)+1>1
2-7Z(s(z)) + 1 > Z(s(double(z))) + 1

To=1 () =z +1 Taowble() =22+ 1

Proving Termination With Natural & Monotonic Z [Lankford'79]
R is terminating if for all rules ¢ — 7 : Z(¢) > Z(r)
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Proving Termination

Rdouble: 2-14+1>1
2-(z+1)+1>2-2+2

Io=1 () =z +1 Taowble() =22+ 1

Proving Termination With Natural & Monotonic Z [Lankford'79]
R is terminating if for all rules ¢ — 7 : Z(¢) > Z(r)
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Proving Termination

Rdouble: 3>1
20 +3 > 2x + 2

Io=1 () =z +1 Taowble() =22+ 1
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Proving Termination

Rdouble: 3>1
20 +3 > 2x + 2

Io=1 () =z +1 Taowble() =22+ 1

Proving Termination With Natural & Monotonic Z [Lankford'79]
R is terminating if for all rules ¢ — 7 : Z(¢) > Z(r)

i
lo 7 Rdouble 31 7 Redouble lo 7 Redouble

I(to) > I(tl) > I(tz) >
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Proving Complexity

Rdouble: double(O) — 0
double(s(z)) — s(double(z))

Iy =1 Is(x) = z+1 Idouble('r) =2r+1
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Proving Complexity

Rdouble: double(()) — 0
double(s(z)) — s(double(x))

To=1 I(z)= x+1 Taouble(r) =2z + 1

Goal: Infer complexity from the highest degree of Z [Hofbauer & Lautemann’'89]
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Complexity Polynomial Interpretation (CPI)
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Goal: Infer complexity from the highest degree of Z [Hofbauer & Lautemann’'89]
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Termination and Complexity Analysis for Programs

Java
Prologgf Symbglic TRS| Termination
I Execution —
C / Graph ITS Complexity
Haskell
Front-End Back-End

» Proving Termination and Complexity of TRSs
» Proving Termination and Complexity of Probabilistic TRSs

» Disproving Termination of Probabilistic TRSs
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Almost-Sure Termination Probabilistic TRSs

Prail: tail — {- : tail, &5 : head}

13 Automatically Analyzing Probabilistic Programs, J.-C. Kassing



Almost-Sure Termination Probabilistic TRSs

Prail: tail = {- : tail, 5 : head}

Distribution: = {py : t1,...,px : tx} with py +---+ppr =1
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|9/10 | tai|| | 1/10 | head |
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Almost-Sure Termination Probabilistic TRSs
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Almost-Sure Termination Probabilistic TRSs

Prail: tail — {- : tail, &5 : head}

Distribution: = {py : t1,...,px : tx} with py +---+ppr =1

Probability of Termination:
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Almost-Sure Termination Probabilistic TRSs

Prail: tail — {- : tail, &5 : head}

Distribution: = {py : t1,...,px : tx} with py +---+ppr =1

Probability of Termination:

|T| = Y10 + 910 - L/10 +

T
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Almost-Sure Termination Probabilistic TRSs

Prail: tail — {- : tail, &5 : head}

Distribution: = {py : t1,...,px : tx} with py +---+ppr =1

Probability of Termination:
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Almost-Sure Termination Probabilistic TRSs

Prail: tail — {- : tail, &5 : head}

Distribution: = {py : t1,...,px : tx} with py +---+ppr =1

Probability of Termination:

|| = Y10+ 9/10 - /10 + (9/10)% - /10 + . ..

oo

=1/10- Z(%)" =110-10=1

n=0

T

|9/10 | tai|| | 1/10 | head |

~

[ (071002 tait| [(9/10) - (1/10) [ head|
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Almost-Sure Termination Probabilistic TRSs

Prail: tail — {- : tail, &5 : head}

Distribution: = {py : t1,...,px : tx} with py +---+ppr =1

5
Probability of Termination:
1 = 110+ 9/10 - 110+ (%10)% - 10 + Cofn] - [0 foend]
=1/10 10 - 1/10 10)° - Y104 ... / \
—1/10- i(%)n —1/10-10 = 1 [(0/20)2 ] tait| [(9/10) - (1/10) Thead]
n=0

Almost-Sure Termination (AST) [Avanzini & Dal Lago & Yamada'20]
PTRS P is AST if || = 1 for every ¥.
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Expected Runtime of Probabilistic TRSs

Prail: tail — {- : tail, &5 : head}

Distribution: = {py : t1,...,pg : tx} with py +---+ppr =1

T

|9/10 | tail | | 1/10 | head |

N

[©/102 [ il | [(9/10) - (/10) Thead]
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Expected Runtime of Probabilistic TRSs

Prail: tail — {- : tail, &5 : head}

Distribution: = {py : t1,...,pg : tx} with py +---+ppr =1
Expected Derivation Length: T

edl(T)

|9/10 | tail | | 1/10 | head |

N

| (9/10)2 |tai| | | (9/10) - (1/10) | head |
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Expected Runtime of Probabilistic TRSs

Prail: tail — {- : tail, &5 : head}
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Expected Runtime of Probabilistic TRSs

Prail: tail — {- : tail, &5 : head}

Distribution: = {py : t1,...,pg : tx} with py +---+ppr =1

Expected Derivation Length: T
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Expected Runtime of Probabilistic TRSs

Prail: tail — {- : tail, &5 : head}

Distribution: = {py : t1,...,pg : tx} with py +---+ppr =1
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Expected Runtime of Probabilistic TRSs
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Distribution: = {py : t1,...,pg : tx} with py +---+ppr =1

Expected Derivation Length: T
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Expected Derivation Height: / \
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Expected Runtime of Probabilistic TRSs

Prail: tail — {- : tail, &5 : head}

Distribution: = {py : t1,...,pg : tx} with py +---+ppr =1
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Expected Runtime of Probabilistic TRSs

Prail: tail — {- : tail, &5 : head}

Distribution: = {py : t1,...,pg : tx} with py +---+ppr =1

Expected Derivation Length: T
edl(F) =1+ &+ ()2 +... = 2)" =10
( ) 10 (10) n;)(w) |9/10|tai|| |1/10|head|
Expected Derivation Height: / \
edhp_, (tail) = sup{edl(T) | T starts with tail} = 10 |(9/10)2 |tai|| [ (9/10) - (1/10) | head |

Expected Runtime Complexity:
CICP, (n) = Sup{edhptail (t) ‘ t € Tp, |t| < TL}

Strong Almost-Sure Termination (SAST) [Avanzini & Dal Lago & Yamada'20]
PTRS P is SAST if edhp(t) is finite for every start term ¢.
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Proving Almost-Sure Termination

Prail: tail — {- : tail, 5 : head}
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Proving Almost-Sure Termination

Prail: tail — {- : tail, 5 : head}

Multilinear Polynomials

2

x -y is multilinear but x~ is not.
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Tiait = 1 Thead = 0

Multilinear Polynomials

2

x -y is multilinear but x~ is not.

15 Automatically Analyzing Probabilistic Programs, J.-C. Kassing



Proving Almost-Sure Termination

Prail: tail — {- : tail, 5 : head}

Thait = 1 Thead = 0
Multilinear Polynomials

2

x -y is multilinear but x~ is not.

Theorem: Natural & Monotonic & Multilinear Z [Kassing & Giesl'24]
Forall £ = {p1:71, ..., pr : 7k} € R let

» Pol(£) > Pol(r;) for some 1 < j <k

» Pol(¢) > py - Pol(r1) + ... + pi - Pol(rg)
Then R is AST.
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Proving Almost-Sure Termination

Prail: tail = { : tail, & : head}

Thait = 1 Thead = 0
Multilinear Polynomials

2

x -y is multilinear but x~ is not.

Theorem: Natural & Monotonic & Multilinear Z [Kassing & Giesl'24]
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Proving Almost-Sure Termination

Prail: Z(tail) > Z(head)

Tan =1 Thead = 0
Multilinear Polynomials

x -y is multilinear but 22 is not.

Theorem: Natural & Monotonic & Multilinear Z [Kassing & Giesl'24]
Forall £ = {p1:71, ..., pr: s} € R let

» Pol(£) > Pol(r;) forsome 1 < j <k

» Pol(¢) > p1 - Pol(ry) + ...+ px - Pol(rg)
Then R is AST.
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Proving Almost-Sure Termination

Prail: 1>0

Thait = 1 Thead =0
Multilinear Polynomials

2

x -y is multilinear but = is not.
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Proving Almost-Sure Termination

Prail: 1> 19_0

Tan =1 Thead = 0
Multilinear Polynomials

2

x -y is multilinear but x~ is not.

Theorem: Natural & Monotonic & Multilinear Z [Kassing & Giesl'24]
Forall £ — {p1:71, ..., pr : 7k} € R let

» Pol(£) > Pol(r;) for some 1 < j <k

» Pol(¢) > py - Pol(r1) + ... + pi - Pol(rg)
Then R is AST.

= proves AST
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Prail: tail — {- : tail, &5 : head}
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Proving Expected Runtime Complexity

Prail: 1> 19—0 e =110

Tan =1 Thead = 0
Theorem: Natural & Monotonic & Multilinear Z [Avanzini & Dal Lago & Yamada'20]
P is SAST if for all rules £ — p: Z(¢) > Ez(p) = > 1<j<p pj - L(ry) for p=A{p1:ri,...,pr i ri}

70 Ez (o) = 1-Z(t)
Se-1 € - minimal decrease for all rules

> |2 [P2|Z(t2)] Ez(un) =p1 - Z(t1) + p2 - (k)
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Proving Expected Runtime Complexity

Prail: 1> 19—0 e =110

Tan =1 Thead = 0
Theorem: Natural & Monotonic & Multilinear Z [Avanzini & Dal Lago & Yamada'20]
P is SAST if for all rules £ — p: Z(¢) > Ez(p) = > 21<j<p pj - L(ry) for p={p1:ri,...,pr i 7i}

70 Ez (o) = 1-Z(t)
Se-1 € - minimal decrease for all rules

> |2 [p2|Z(t2)] Ez(m) =p1- Z(t1) + p2 - Z(t2)

\Z \>>6‘(p1+172)
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Proving Expected Runtime Complexity

Prail: 1>2 e =1/10

Tt =1 Thead =0
Theorem: Natural & Monotonic & Multilinear Z [Avanzini & Dal Lago & Yamada'20]
P is SAST if for all rules £ — p: Z(€) > Ez(n) = 31 <j<p pj - L(rj) for p={p1:71,...,pk : 1x}

F0) Ez (o) = 1- (1)

Se-1 € - minimal decrease for all rules
N ez [P2[Z(2)] Bz(1) = p1-Z(t) + p2 - Z(t2)

LV emen

Goal: Infer expected complexity from the highest degree of Z.
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Proving Expected Runtime Complexity

Prail: 1>2 e =1/10

Tan =1 Thead = 0 ~+ constant complexity: Poly
Theorem: Natural & Monotonic & Multilinear Z [Avanzini & Dal Lago & Yamada'20]
P is SAST if for all rules £ — p: Z(€) > Ez(n) = 31 <j<p pj - L(rj) for p={p1:71,...,pk : 1x}

F0) Ez (o) = 1- (1)

Se-1 € - minimal decrease for all rules
N ez [P2[Z(2)] Bz(1) = p1-Z(t) + p2 - Z(t2)

LV emen

Goal: Infer expected complexity from the highest degree of Z.

» Restrict to basic start terms and CPI
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> Almost-Sure Termination (AST)

» Termination with probability 1.
» Proved via Z(¢) > E(Z(p)) and 35.Z(¢) > Z(r;).
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Wrap Up (Proving Termination and Complexity of Probabilistic TRSs)

> Almost-Sure Termination (AST)

» Termination with probability 1.

» Proved via Z(¢) > E(Z(p)) and 35.Z(¢) > Z(r;).
» Strong AST (SAST)

» Finite expected runtime.

» Proved via Z(¢) > E(Z(p)).
> Expected Runtime Complexity

» Upper bound derived from degree of Z for basic start terms and CPls.
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Termination and Complexity Analysis for Programs

Java
Prologgf Symbglic TRS| Termination
I Execution —
C / Graph ITS Complexity
Haskell
Front-End Back-End

» Proving Termination and Complexity of TRSs
» Proving Termination and Complexity of Probabilistic TRSs

» Disproving Termination of Probabilistic TRSs
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Random Walk

4

l 2/3 13 2/3 13 2/3
3 k3 k——

T 43 @ @ @

while z > 0 do 0 1 5 3 4 5

| z+r-1@yprea+1;
> Does the bunny (program) always reach the carrot (terminate)?
> What is the probability of reaching the carrot (probability of termination)?

> What is the expected number of steps it takes to reach the carrot (expected runtime)?
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Characterization of Random Walks

Random Walk p

A function 1 : Z — R>q s. t. Supp(p) = {z € Z | u(x) > 0} is finite and }° cq00(,) #(2) = 1.
By E(1) = > esupp(u) - #(x) we denote its expected change.
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N

Yy pi(0) =1

So—i—o—
Loop Walk u1
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A function 1 : Z — R>q s. t. Supp(p) = {z € Z | u(x) > 0} is finite and }° cq00(,) #(2) = 1.
By E(u) = ZazeSupp(u) x - u(z) we denote its expected change.

N

Y pi(0) =1

\

‘OO0 0

Loop Walk u1
(n(0)=1)

1
1

20 Automatically Analyzing Probabilistic Programs, J.-C. Kassing



Characterization of Random Walks

Random Walk p

A function 1 : Z — R>q s. t. Supp(p) = {z € Z | u(x) > 0} is finite and }° cq00(,) #(2) = 1.
By E(1) = > esupp(u) - #(x) we denote its expected change.

1

N

Yy pi(0) =1

\

So—i—o—

Loop Walk u1

(n(0) =1)
= not AST and not SAST
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Random Walk p
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/3 2/3 pa(=1) =1/ 2/3 1/3 pa(=1) =23
e pa(1) = ¥s pa(1) = s

Positively Biased Random Walk 13
(1(0) < 1 and E(p) > 0)
= not AST and not SAST

Negatlvely Biased Random Walk 4
(1(0) < 1 and E(p) < 0)
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Disproving AST and SAST of a PTRS

Disproving Termination of a TRS:
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double(s(x)) — s(double(s(s(x))))
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Disproving AST and SAST of a PTRS

Disproving Termination of a TRS: Find ¢, context C', and substitution o s. t.

t double(s(z))
l !
Clto] s(double(s(s(z))))
1
C[C[to]o] s(s(double(s(s(s(x))))))
Pilouble: double(0) — 0

double(s(x)) — s(double(s(s(x))))
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Disproving AST and SAST of a PTRS

Disproving Termination of a TRS: Find ¢, context C', and substitution o s. t.

t double(s(z))
l l
Clto] s(double(s(s())))
¢ ¢
C[C[to]o] 5(s(double(s( )))
l
Ploubie: double(0) — 0

double(s(x)) — s(double(s(s(x))))
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Disproving AST and SAST of a PTRS

Disproving (S)AST of a PTRS (1.ldea):
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Disproving AST and SAST of a PTRS

Disproving (S)AST of a PTRS (1.ldea): Find ¢, C4, ..

.7Ck, and T1,..

.,0k S. t.
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Disproving AST and SAST of a PTRS

Disproving (S)AST of a PTRS (1.ldea): Find ¢, Cy,...,C%, and 01, ...,0% s. t.

S

I (EN20) S
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Disproving AST and SAST of a PTRS

Disproving (S)AST of a PTRS (1.ldea): Find ¢, Cy,...,C%, and 01, ...,0% s. t.

| N

e

double(0) — 0
double(s(z)) — {1/2: s(double(s(s(x)))), /2 : s(s(double(s(x))))}

/ .
Pdouble'
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Disproving AST and SAST of a PTRS

Disproving (S)AST of a PTRS (1.ldea): Find ¢, C4,...,Cy, and 01,...,0% s. t.

S
: 7777777 ,...:::::::’——)"'

-~ T T = .

DA St

Pllouble’ double(0) — 0
double(s(z)) — {1/2

>
s

1 | s(double(s(s()))) |

double(s(z)) |- ¢

\
\

\
N
>

1/ | s(s(double(s(z)))) |

: s(double(s(s(x)))), /2 : s(s(double(s(x))))}
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Disproving AST and SAST of a PTRS

Disproving (S)AST of a PTRS (1.ldea): Find ¢, C4,...,Cy, and 01,...,0% s. t.
S > s(doublets(:())) ]
S >wozzzzTT T doub|e(s(x)) ¢

-~ == .. N

o > \\\
D ;

Pllouble’ double(0) — 0
double(s(z)) — {1/2: s(double(s(s(x)))), /2 : s(s(double(s(x))))}

1/ | s(s(double(s()))) |
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Disproving AST and SAST of a PTRS

Disproving (S)AST of a PTRS (1.ldea): Find ¢, C4,...,Cy, and 01,...,0% s. t.

I (X0 S -

1/ | s(double(s(s(+)))) |

e > o2zt [1doubletsta |-
S +>[1/2 [ s(s(double(s(1)))) |
Pllouble’ double(0) — 0

double(s(z)) — {1/2: s(double(s(s(x)))), /2 : s(s(double(s(x))))}

= Embedding loop walks

’
1
\

3 p(0) =1
=0—a1—02—

X=7 =
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Disproving AST and SAST of a PTRS

Disproving (S)AST of a PTRS (2.ldea): Try to embed symmetric or positively biased random walks
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Disproving AST and SAST of a PTRS

Disproving (S)AST of a PTRS (2.ldea): Try to embed or random walks
P Computation Symmetric Random Walk p
Lele] el ’
N

g(g(z)) w(l) =1/2

» What does it mean to find a random walk?
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Disproving AST and SAST of a PTRS

Disproving (S)AST of a PTRS (2.ldea): Try to embed

P Computation 1 Computation
Lelel [elio] Lefo] o Lel2]
T VAR

2(&(2))

» What does it mean to find a random walk?

or random walks

Symmetric Random Walk p

~

21 Automatically Analyzing Probabilistic Programs, J.-C. Kassing



Disproving AST and SAST of a PTRS

Disproving (S)AST of a PTRS (2.ldea): Try to embed

‘P Computation e 1 Computation
el Lelie) Lelo] o [e]2]
T VERN

2(&(2))

» What does it mean to find a random walk?

or random walks

Symmetric Random Walk p

~
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Disproving AST and SAST of a PTRS

Disproving (S)AST of a PTRS (2.ldea): Try to embed

‘P Computation e 1 Computation
HEE N TATE] REET AR
T VR

» What does it mean to find a random walk?

or random walks

Symmetric Random Walk p

~
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Disproving AST and SAST of a PTRS

Disproving (S)AST of a PTRS (2.ldea): Try to embed

‘P Computation e 1 Computation
HEE N TATE] REET AR
1 PRV

g(g($))<_ _____ -

» What does it mean to find a random walk?

or random walks

Symmetric Random Walk p

~
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Disproving AST and SAST of a PTRS

Disproving (S)AST of a PTRS (2.ldea): Try to embed or random walks
P Computation e 1 Computation Symmetric Random Walk g
el [el@] R R P ’
1 PRV

g(g($))<_ _____ -

» What does it mean to find a random walk?
~ Embedding e from computation of ;1 to computation of P
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Disproving AST and SAST of a PTRS

Disproving (S)AST of a PTRS (2.ldea): Try to embed or random walks
P Computation e p Computation Symmetric Random Walk 1

~

(L [ef@]  T2l] [e[]
N IRV ARV

g(g($))<_ _____ -

» What does it mean to find a random walk?
~ Embedding e from computation of ;1 to computation of P

» What and How to Count?
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Disproving AST and SAST of a PTRS

Disproving (S)AST of a PTRS (2.ldea): Try to embed or random walks
P Computation e p Computation Symmetric Random Walk 1

~

(L [ef@]  T2l] [e[]
N IRV ARV

g(g($))<_ _____ -

» What does it mean to find a random walk?
~ Embedding e from computation of ;1 to computation of P

» What and How to Count? ~~ Count
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Counting Term Occurrences

> Find the maximal number ¢ occurs in s (denoted maxNO(t, s))
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Counting Term Occurrences

» Find the maximal number ¢ occurs in s (denoted maxNO(t, s))

» Only count non-overlapping occurrences!

/\
/\
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Counting Term Occurrences

» Find the maximal number ¢ occurs in s (denoted maxNO(t, s))

» Only count non-overlapping occurrences!

/\
/\
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Counting Term Occurrences

» Find the maximal number ¢ occurs in s (denoted maxNO(t, s))

» Only count non-overlapping occurrences!

S
s17
.F
S9 / \ 516
Subterm s’ <s  maxNO(t,s") t a f
S8 / \ S15
a f
f o /N e
/A a f
° 0 e /N e
a I\ sl N s
a f a f
6N N
a a a a
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Counting Term Occurrences

» Find the maximal number ¢ occurs in s (denoted maxNO(t, s))

» Only count non-overlapping occurrences!

S
fs”
S9 / \ 516
Subterm s’ <s  maxNO(t,s") t a f
S8 / \ 515
S$1—S11 0 a f
f s /0N e
/A a f
a /f\ smf/ \fsm
a /N s/ N\ sio
a f a f
6N N
DO O6E
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Counting Term Occurrences

» Find the maximal number ¢ occurs in s (denoted maxNO(t, s))

» Only count non-overlapping occurrences!

S
s17
f
S9 / \ 516
Subterm s’ <s  maxNO(t,s") t a f
S8 / \ S15
S$1—S11 0 f a f
$12—S513 1 /\ s7 a/ \f s14
a f a5 /N s
/ \ 13 f f‘ 12
a I\ sl N
a f a f
LN RN
a a a a
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Counting Term Occurrences

» Find the maximal number ¢ occurs in s (denoted maxNO(t, s))

» Only count non-overlapping occurrences!

S
s17
f
S9 / \ 516
Subterm s’ <s  maxNO(t,s") t a f
S8 / \ 515
S$1—S11 0 f a f
512513 1 /N v a/ \f o
S14 2 a f / N\
$13 S12
/\ f f
@ I\ sul N s
a f a f
LN RN
a a a a
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Counting Term Occurrences

» Find the maximal number ¢ occurs in s (denoted maxNO(t, s))

» Only count non-overlapping occurrences!

S
s17
f
S9 / \ 516
Subterm s’ <s  maxNO(t,s") t a f
S8 / \ S15
$1=S11 0 f a f
512513 1 /N 573/ \fSM
S14 2 a f o /N o
S15 2 /\ f f
@ I\ sl \ ero
a f a f
/N %N
a a a a
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Counting Term Occurrences

» Find the maximal number ¢ occurs in s (denoted maxNO(t, s))

» Only count non-overlapping occurrences!

S
s17
f
S9 / \ 516
Subterm s’ <s  maxNO(t,s") t a f
S8 / \ S15
$1=S11 0 f a f
512513 1 /N \ a/ \f o
S14 2 a f
sis /N sio
S15 2 /\ f f
S16 3 a /\ 511/\ s10
a f a f
/N %N
a a a a
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Counting Term Occurrences

» Find the maximal number ¢ occurs in s (denoted maxNO(t, s))

» Only count non-overlapping occurrences!

S
s17
f
S9 / \ 516
Subterm s’ <s  maxNO(t,s") t a f
58 / \ S15
S$1—S11 0 f a f
512513 1 /N v a/ \f o
S14 2 a f
sis /N sio
S15 2 /\ f f
S16 3 a /\ 511/\ s10
517 3 a f a f
/N %N
a a a a
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Counting Term Occurrences

» Find the maximal number ¢ occurs in s (denoted maxNO(t, s))

» Only count non-overlapping occurrences!

S
maxNO(t,8) = a5 = ag,, =3 f o
S9 / \ 516
Subterm s’ <s  maxNO(t,s") t a f
58 / \ S15
81811 0 f a f
512513 1 /N v a/ \f o
S14 2 a f
sis /N sio
S15 2 /\ f f
S16 3 a /\ 511/\ s10
517 3 a f a f
A A
a a a a
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Disproving AST and SAST of a PTRS

Disproving (S)AST of a PTRS (2.Idea): Try to find random walks within the computation

‘P Computation e 1 Computation Symmetric Random Walk g
(2Ll [ele] REA T R TAR ’
L PRV

g(g($))<_ _____ -

» What does it mean to find a random walk?
~» Embedding e from computation of ;1 to computation of P

» What and How to Count? ~~ Count

23 Automatically Analyzing Probabilistic Programs, J.-C. Kassing



Disproving AST and SAST of a PTRS

Disproving (S)AST of a PTRS (2.Idea): Try to find random walks within the computation

P Computation e p Computation Symmetric Random Walk 1

~

(L [ef@]  T2l] [e[]
N IRV ARV

g(g($))<_ _____ -

» What does it mean to find a random walk?
~» Embedding e from computation of ;1 to computation of P

» What and How to Count? ~~ Count

» How to construct the infinite computation?
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Disproving AST and SAST of a PTRS

Disproving (S)AST of a PTRS (2.Idea): Try to find random walks within the computation

P Computation e p Computation Symmetric Random Walk 1

~

(L [ef@]  T2l] [e[]
N IRV ARV

g(g($))<_ _____ -

» What does it mean to find a random walk?
~» Embedding e from computation of ;1 to computation of P

» What and How to Count? ~~ Count

» How to construct the infinite computation? ~~ Iteratively
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Construct the Infinite Computation

Theorem: Embedding Random Walks [Kassing & Nagel & Schlecht & Giesl (In Review)]
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Construct the Infinite Computation

Theorem: Embedding Random Walks [Kassing & Nagel & Schlecht & Giesl (In Review)]
P a PTRS
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Construct the Infinite Computation

Theorem: Embedding Random Walks [Kassing & Nagel & Schlecht & Giesl (In Review)]
P a PTRS, t a linear term
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Construct the Infinite Computation

Theorem: Embedding Random Walks [Kassing & Nagel & Schlecht & Giesl (In Review)]

P a PTRS, t a linear term, and (finite) computation T starting with ¢.
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Construct the Infinite Computation

Theorem: Embedding Random Walks [Kassing & Nagel & Schlecht & Giesl (In Review)]

P a PTRS, t a linear term, and (finite) computation T starting with ¢.
If we have ZveLeaf@) Py - maxNO(t, t,) 2, 1, then P is not (S)AST.
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Construct the Infinite Computation

Theorem: Embedding Random Walks [Kassing & Nagel & Schlecht & Giesl (In Review)]

P a PTRS, t a linear term, and (finite) computation T starting with ¢.
If we have 3, 1 cap(s) Po - maxNO(Z, £,) 2, 1, then P is not (S)AST.

Why do we need non-overlapping occurrences?
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Construct the Infinite Computation

Theorem: Embedding Random Walks [Kassing & Nagel & Schlecht & Giesl (In Review)]

P a PTRS, ¢ a linear term, and (finite) starting with ¢.
If we have ZveLeaf(g) po - maxNO(t,t,) >, 1, then P is not (S)AST.

Why do we need non-overlapping occurrences?

P g(g(@)) — {Y3:,2/3: g(g(g(x)))}
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Construct the Infinite Computation

Theorem: Embedding Random Walks [Kassing & Nagel & Schlecht & Giesl (In Review)]

P a PTRS, t a linear term, and (finite) starting with ¢.
If we have ZveLeaf(g) po - maxNO(t,t,) >, 1, then P is not (S)AST.

Why do we need non-overlapping occurrences?

P g(g(@)) — {Y3:,2/3: g(g(g(x)))}

t = g(g())

l/s]=| |23]see@)]
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Construct the Infinite Computation

Theorem: Embedding Random Walks [Kassing & Nagel & Schlecht & Giesl (In Review)]

P a PTRS, t a linear term, and (finite) starting with ¢.
If we have ZveLeaf(g) po - maxNO(t,t,) >, 1, then P is not (S)AST.

Why do we need non-overlapping occurrences?

P g(g(z) — {s:2,%s: g(g(g(@)))}
Positively Biased
t = g(g(x)) H‘Random Walk

1/3 2/3
Uil e - N

Soo

=0 1 2

u(=1) = 1/3
p(1) =23

v

l/s]=| |23]see@)]
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Construct the Infinite Computation

Theorem: Embedding Random Walks [Kassing & Nagel & Schlecht & Giesl (In Review)]

P a PTRS, t a linear term, and (finite) starting with ¢.
If we have ZveLeaf(T) po - maxNO(t,t,) >, 1, then P is not (S)AST.

Why do we need non-overlapping occurrences?

P g(g(@)) — {Y3:,2/3: g(g(g(x)))}

Positively Biased
t=g(g()) 1 Computation ~ Random Walk 1

1/3 %3
.Eiz.:ok-\f‘—iz >
[/:]2] [2:]eee@))] p(-1) =13
w(l) =2/3

24 Automatically Analyzing Probabilistic Programs, J.-C. Kassing .



Construct the Infinite Computation

Theorem: Embedding Random Walks [Kassing & Nagel & Schlecht & Giesl (In Review)]

P a PTRS, t a linear term, and (finite) starting with ¢.
If we have ZveLeaf(g) po - maxNO(t,t,) >, 1, then P is not (S)AST.

Why do we need non-overlapping occurrences?

P g(g(@)) — {Y3:,2/3: g(g(g(x)))}

Positively Biased

t =g(g(x)) R & ____ v Computation ~ Random Walk
“/_ ______ - s
[5]e] []see@)], ’ M(_l;:vs T
u(1) = 23
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Construct the Infinite Computation

Theorem: Embedding Random Walks [Kassing & Nagel & Schlecht & Giesl (In Review)]

P a PTRS, t a linear term, and (finite) starting with ¢.
If we have ZvELeaf(‘I) Py - maxNO(t, t,) 2, 1, then P is not (S)AST.

Why do we need non-overlapping occurrences?

P g(g(@)) — {Y3:,2/3: g(g(g(x)))}

Positively Biased

t = g(g(x)) .- _____ pComputation _ Random Walk 1
kf L ) 1/3 2/3
v it >
[a]=] [2e]see@)] (1) = 13
E0E I 0 E
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Construct the Infinite Computation

Theorem: Embedding Random Walks [Kassing & Nagel & Schlecht & Giesl (In Review)]

P a PTRS, t a linear term, and (finite) starting with ¢.
If we have ZveLeaf(fI) P - maxNO(t,t,,) >, 1, then P is not (S)AST.

Why do we need non-overlapping occurrences?

P g(e@) ~ {3: 2,75 elee@)}
Positively Biased
t = g(g(x)) ,____A_e___;\\u Computation _ Random Walk 1
- 1" i 2 >
p(=1) =1/3
u(1) = 23

[e]e)] [4] g<g<g<g<m>>>>| 122 1] L/o]3]
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Construct the Infinite Computation

Theorem: Embedding Random Walks [Kassing & Nagel & Schlecht & Giesl (In Review)]

P a PTRS, t a linear term, and (finite) starting with ¢.
If we have ZvELeaf(‘I) P - maxNO(t,t,,) >, 1, then P is not (S)AST.

Why do we need non-overlapping occurrences?

P:
g(g() — {Y3:x,%s: g(s(g(x)))}
Positively Biased
t =glg(x)) ‘/____A_e___\\ 1 Computation H‘Random Walk 1
Uit - oA
—0 1 2 >
p(=1) =1/3
(1) = 2/:
[26]e@)] |vo|eleles@) ] |2/0]1] |40 ]3] H =
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How to Find Such Computations and Random Walks?

1. Find loop in np(P) [Giesl & Thiemann & Schneider-Kamp'05]
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How to Find Such Computations and Random Walks?

1. Find loop in np(P) [Giesl & Thiemann & Schneider-Kamp'05]

P: gx) = {Y3:a(z),/3:b(x),Y/3: c(z)}
a(z) - {l:g(=)} bx) » {1:g(gx))} clx) = {1:2}
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How to Find Such Computations and Random Walks?

1. Find loop in np(P) [Giesl & Thiemann & Schneider-Kamp'05]

P: g(z) — {Ys:a(z),Y/3:b(x),/s: c(z)}
a(r) —» {l:g(=)}  b(z) = {1:g(g(@)} c(x) » {1:a2}
np(P): g(z) — a(z) g(z) — b(z) g(z) — c(x)
a(z) — gz b(z) — glg(x)) c(z) = x
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How to Find Such Computations and Random Walks?

1. Find loop in np(P) [Giesl & Thiemann & Schneider-Kamp'05]

P: glx) — {I/3:a(x),Y/3:b(x),1/3: c(2)}
a(z) - {l:g(=)} bx) » {1:g(gx))} clx) = {1:2}
np(P): g(x) — a(z) g(z) — b(z) g(z) — c(x)
a(z) — glx) b(z) — g(g(x)) c(r) =
np(P) Loop t =g(x)

| =]
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How to Find Such Computations and Random Walks?

1. Find loop in np(P) [Giesl & Thiemann & Schneider-Kamp'05]
2. Reconstruct computation

P: glx) — {I/3:a(x),Y/3:b(x),1/3: c(2)}
a(z) - {l:g(=)} bx) » {1:g(gx)} clx) = {1:2}
np(P): g(x) — a(z) g(z) — b(z) g(z) — c(x)
a(z) — glx) b(z) — g(g(x)) c(r) =
np(P) Loop t = g(x)

HER
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How to Find Such Computations and Random Walks?

1. Find loop in np(P) [Giesl & Thiemann & Schneider-Kamp'05]
2. Reconstruct computation

P: g(x) = {Y3:a(z),/3:b(x),Y/3: c(z)}
a(z) - {l:g(=)} bx) » {1:g(gx)} clx) = {1:2}
np(P): glz) = a(z) g(x) — b(z) glz) = c(z)
a(z) — g(x) b(z) — g(g(=)) c(r) =
P Computation t=g(x)
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How to Find Such Computations and Random Walks?

1. Find loop in np(P) [Giesl & Thiemann & Schneider-Kamp'05]
2. Reconstruct computation 3. Rewrite...

P: g(x) = {Y3:a(z),/3:b(x),Y/3: c(z)}
a(z) - {l:g(=)} bx) » {1:g(gx)} clx) = {1:2}
np(P): glz) = a(z) g(x) — b(z) glz) = c(z)
a(z) — g(x) b(z) — g(g(=)) c(r) =
P Computation t=g(x)
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How to Find Such Computations and Random Walks?

1. Find loop in np(P) [Giesl & Thiemann & Schneider-Kamp'05]
2. Reconstruct computation 3. Rewrite...

P: g(x) = {Y3:a(z),/3:b(x),Y/3: c(z)}
a(z) - {l:g(=)} bx) » {1:g(gx)} clx) = {1:2}
np(P): glz) = a(z) g(x) — b(z) glz) = c(z)
a(z) — g(x) b(z) — g(g(=)) c(z) - x
P Computation t=g(x)
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Conclusion

1. What are applications of probabilistic programs? Why are they interesting?

» Monte Carlo and Las Vegas algorithms
> Increase the expected worst-case runtime (prevent adversarial attacks)

2. How to analyze probabilistic programs?

» Transform to a simpler backend language (term rewriting)
» Prove AST and SAST via ranking functions

» Derive upper expected runtime bounds via ranking functions
» Disprove AST and SAST via embeddings of random walks

Further techniques:

» Modularize proofs via dependency pairs

» Transform the rules to simplify proofs
> .

26 Automatically Analyzing Probabilistic Programs, J.-C. Kassing in i



UnRAVelL Symposium 2026

UnRAVelL - UNCcertainty and Randomness in Algorithms, VErification and Logic
Date: May 26-29, 2026
Location: RWTH Aachen University, Aachen
Topics: Discrete Structures, Verification, Control, Railway, Combinatorial Optimization, and more!
Keynote Speakers:
» Michal Pilipczuk (University of Warsaw)
Rupak Majumdar (MPI-SWS)
Maurice Heemels (TU Eindhoven)
Francesca Parise (Cornell University)
Rico Zenklusen (ETH Ziirich)
» And further talks by UnRAVelL members and alumni

>
>
>
>

More information: https://www.unravel.rwth-aachen.de
(Registration (including dinner) is free!)
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Implementation

» Fully implemented in AProVE

» Evaluated on 158 benchmarks

Category | AProVE
AST 70
— AST 24
Unknown 68

Category | AProVE
SAST 49
— SAST 31
Unknown 78
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